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Limit shape “Aztec Diamond” for domino

Colors represent the parity of the dominos



Overview

e We study random discrete maps.
e Limit shapes are a universal phenomenon.

e A variational principle explains:

e the occurrence of limit shapes
e the shape of the limit.



Overview

e Methods for deducing variational principles:

e so far: based on integrability/ determinental structure of model.
e now: based on Kirszbraun theorem and concentration inequality.

e Main result:

Variational principle for graph homomorphisms to a tree

e First variational principle for a model of random discrete maps that

is not integrable.



Object we study

Graph homomorphism h: Gy — Go:

x ~y = h(x) ~ h(y).

Example 1: Graph homomorphism to Z:

h:7Z)>N=7Z " height function”

Example 2: Graph homomorphism to 3 regular tree T

h:Z>>N—T " Tree-valued height function”



Objects we study

Random graph homomorphism:

1. FixANCZ
2. Fix boundary data g : ON — Z

3. Pick uniformly at random one element of
{h:N— 7| his height function and hjpp = g}

For large A you will see " limit shape”.



Limit shape for graph homomorphism into 7Z
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Colors represent the parity of the height in Z



Limit shape for graph homomorphism into 3 regular tree 7
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Appearance of limit shapes is a
universal phenomenon
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Each color represents a type of lozenge



Limit shape “Aztec Diamond” for domino

Colors represent the parity of the dominos
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Limit shape for ribbon tilings
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Variational principle for
domino tilings
and height functions h: A — Z




Two questions:

e How many height functions h: A — Z with given boundary values
exist?

e What is their typical shape?

12



Microscopic entropy

1
Ent(A, gon) == I In |{h : A — Z | h is height function and hjgp = g}’

Microscopic surface tension

1
ent,(s, t) := - In|{h: B, — Z | his height function and for all

(x1,x2) € 0By : h(x1,x2) ®s-x1+t-x}

with B,,:{l,.‘.,n}2 and —-1<st<1
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Local surface tension

ent(s, t) :== lim ent,(s,t)

n—oo

Macroscopic entropy

Ent(R,f) := / ent(Vf(x)) dx
JR

with R CR? and f: R— R 1-Lipschitz
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The variational principle for domino tilings

Theorem 1 (Cohn, Kenyon, Propp '00)

1
Assume: ;/\n — R and 8on, — 8aR
Then: Ent(An, gon,) —  sup  Ent(R,f).
f: for=8gog

Asymptotically characterizes the number of height-functions.
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The variational principle for domino tilings

Additionally
ent(s, t) is strict concave
and therefore

sup Ent(R,f)= max Ent(R, f):/ent(meax(x)) dx.
R

f:f;)R:g(')g fifore:gag

WHY DO LIMIT SHAPES APPEAR?
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The variational principle for domino tilings

Given f : R — R and € > 0 define

B(e, f,A\,) := {height functions h: A, — Z that are e-close to f}

Theorem 2 (Cohn, Kenyon, Propp '00)

|/\1 | In|B(e, f,\,)| = Ent(R, ) + Error(e)
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Why limit shapes appear

Combination of both theorems yields

1
m In |B(5-, fmaxy /\n)| ~ Ent(fmax)
1
~ Entn(/\mgB/\n) = m In |Z(Amg8/\n)|
This means:

Uniform measure on Z(A,, gaa,) concentrates around B(g, fmax, Ap)
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Main ingredients of the proof

First ingredient: lim,_, oo enty(s,t)  exists

Second ingredient: liMy—y00 €Ntn(s, t) = limy_yo0 €Nty £ree(S, t)

1
enty free(s, t) = = In|{h: B, — Z | his height function and for all

(x1,%) €9B,: |h(x1, %) —s-x1+t-x| S ﬁ}|

19



Main ingredients of the proof of Cohn, Kenyon, Propp

Cohn, Kenyon, Propp use integrability of model
Hence, ent,(s, t) explicitly known.

PROOF WITHOUT USING INTEGRABILITY?

Content of recent work with Martin Tassy on ArXiv.

Derive variational principle for graph homomorphisms h: A, — T.
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Comparing both methods

Method based on integrability: not robust but very precise
e local surface tension ent(s, t) is explicitly known
e local surface tension ent(s, t) is strictly concave
e limit shapes f,.x can be analyzed

e fluctuations can be analyzed (Kenyon, Okunkov, Sheffield '06)
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Comparing both methods

The new method: very robust but not precise
e existence of limit lim,_,o ent,(s, t) via compactness
e local surface tension ent(s, t) not explicitly known

e local surface tension ent(s, t) is concave, strict concavity open

problem

e applies to many other models e.g. h : Z™ — d-regular Tree
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How is integrability substituted?

Two ingredients:

Kirszbraun theorem for graphs: when can one glue two graph
homomorphisms together.

Concentration inequality

2
P(|h(x1,x0) — (sx1 + tx)| > ) S exp (—Ci)
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How are those ingredients used?

Showing lim,_oc ent,(t, s) = lim,_ oo enty, ree(t, s).
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How is the concentration inequality deduced

For graph homomorphisms h : B, — 7Z several methods:

e Simple random walk on Z nicely behaved....... Brownian sheet.

e Sheffield: cluster swapping
For graph homomorphisms h : B, — T very difficult:

e Simple random walk on 7" not nice: not commutative and runs away
New coupling technique:

e Based on Azuma- Hoeffding inequality

e uses a very carefully adapted Glauber dynamics
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Open questions:

e Is the the local entropy is strictly concave?

e [s it possible to approximate the local entropy of a given slope in
polynomial time?

e Derive a quantitative version of the variational principle
Other models:

e Use different graphs instead of 7 ......... connected to groups, random
graphs.

e Use different graps instead of Z?

e Consider weighted graphs instead of 7 ....do homogenization.
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Thank youl!
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