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Abstract

Motivated by optimal re-balancing of a portfolio, we formalize an op-
timal transport problem in which the transported mass is scaled by a
mass-change factor depending on the source and destination. This allows
direct modeling of the creation or destruction of mass. We discuss applica-
tions and position the framework alongside unbalanced, entropic, and un-
normalized optimal transport. On complete, separable metric spaces, we
establish the existence of optimal transport plans for costs that are lower
semi-continuous and bounded from below and for continuous mass-change
factors satisfying two-sided bounds. Under an additional finite-cost con-
dition, we prove equality of the primal and dual values; attainment of
the dual problem is treated separately under compactness. Under addi-
tional structural assumptions, the existence of optimal maps is established
in two central regimes, namely perturbative mass-change and quadratic
mass-loss. For power costs ¢(z,y) = |y — z|*, we derive a dynamical-plan
analogue of the Benamou—Brenier formulation.

MSC2020: Primary 49Q22, 49N15; Secondary 91G10, 91G80.
Keywords: Optimal Transport, Duality Theory, Portfolio Rebalancing.

1 Introduction

Optimal transport (OT) originates with Monge’s 1781 sand-moving problem [Mon8&1]
and Kantorovich’s 1942 relaxation [Kan42], and has since blossomed via the Be-
namou—Brenier dynamic formulation [BB00] into the geometry of Wasserstein
spaces. Over the last two decades, advances in duality, regularity, and scalable
algorithms have made OT a central tool across analysis, probability, economics,
imaging, and machine learning. For a thorough introduction to optimal trans-
port we refer to the standard references [AGS0S8, V08| [SanT5]. In the classical
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Kantorovich problem of optimal transport the goal is to find a coupling 7 of
two given probability measures p and v that minimizes a given cost functional

inf / c(x,y)m(dz, dy).
T Jaxy

Coupling means that the first marginal of 7= is given by p and the second
marginal by v, i.e. for all test functions £ and ¢

/5 m(dz,dy) = /{ p(dz) and /( w(dz,dy) = /C (1)

One of the limitations of the original optimal transport formulation is its
rigidity in the marginal constraint . In particular, this constraint entails
that the transport conserves the mass. Many applications require more flex-
ibility and, therefore, variants of optimal transport allowing flexibility in the
marginal constraints were developed and successfully applied in recent years,
see Section [£.1] for a more detailed discussion including references. Building on
this trajectory, we introduce the framework of non-conservative optimal trans-
port and develop its basic theory, rather than aiming for the greatest possible
generality.

The framework originated when the authors studied a problem from financial
mathematics, namely how to rebalance a portfolio of assets in an optimal way,
see Section However, studying this problem revealed a deeper structure.
When exchanging one asset for another, a small percentage of its value is lost
to trading costs (e.g. bid-ask spread and trading fees). Mass is lost as the value
of the portfolio after rebalancing is smaller than the value before. The shape
of the target distribution is still fixed as one strives for obtaining the correct
distribution of wealth across assets.

Motivated by this example, non-conservative optimal transport generalizes
the classical optimal transport problem by two tweaks. First, one introduces a
mass-change factor m(z, y) that models whether a mass transported from x to y
is gained (m(z,y) > 1), conserved (m(z,y) = 1) or destroyed (m(z,y) < 1).
Second, one weakens the second marginal condition by prescribing only the
shape of the transported measure. this means

/g (dz, dy) = /5 and fam%y dmdzydy /g

for all test functions £ and (. Classical optimal transport is recovered when
m = 1. This framework allows for simple and direct modeling of transports
that do not conserve mass. In Section |3| we discuss more examples like logistics
with spoilage/yield, biochemical conversions, as well as economic scenarios like
the influence of tariffs on the optimal distribution of goods , or the influence
of retention rates onto the optimal distribution of jobs in an organization. To
the best of our knowledge, this simple framework to describe non-conservative




optimal transport is new and not contained in the existing literature, though it
can be described as an optimization problem over a family of unbalanced optimal
transport problems. We refer to Section [4] for more details. As the framework
of non-conservative optimal transport stays close to the original Kantorovich
optimal transport problem, we are able to study fundamental questions (like
duality, existence of optimal maps, dynamic formulations) with similar methods,
and come to satisfying answers.

Summarizing, the article provides: In Section 2} a detailed motivating exam-
ple from financial mathematics. In Section[3] the formulation of non-conservative
optimal transport with cost c(z,y) and efficiency m(x,y), reducing to classical
OT when m =1 (see Section . The existence of optimal plans on complete,
separable metric spaces for lower semi-continuous costs and continuous mass-
change factors satisfying two-sided bounds (see Section. The strong duality
of values under an additional finite-cost condition and the attainment of the dual
problem under compactness (see Sections and . The existence of optimal
maps on compact subsets of R™ in perturbative (m =~ 1) and quadratic-cost
regimes (see Section . A generalized Benamou—Brenier formula in terms of
dynamical plans, without assuming a-priori vector-field regularity or the exis-
tence of an optimal transport map (see Section[3.5). In Section[d] the relation to
other optimal transport frameworks allowing for mass creation or destruction.

The regularity of optimal transport maps in the non-conservative framework
is not discussed in this article and remains an open problem.

2 DMotivating example: Optimal rebalancing of
portfolios.

We open this paper with a motivating example from financial mathematics.
Consider an investor whose investment strategy (or a target) is to hold 100 -
v;% of their portfolio value in asset i. Throughout, portfolios are long-only,
i.e. weights satisfy v; > 0.. If their currently held position does not correspond
to this target proportion, then they need to buy and sell assets to achieve
their target. We refer to this as rebalancing the investor’s portfolio. Since
trading incurs costs, we aim to find an optimal rebalancing trade. Viewed as
a transport problem, rebalancing moves portfolio value from the current to the
target distribution; trading costs destroy value in transit, and only the shape
of the target distribution is prescribed. These two features will lead us to non-
conservative optimal transport.

We do not address the choice of the target portfolio — constructing optimal
portfolios is a classical topic in financial mathematics; e.g. see [Wonl19] for a sur-
vey of optimal transport methods in portfolio construction — nor the questions
of when and how often to rebalance. These and further extensions are discussed
in Remark R.15

The rebalancing problem is non-trivial in the presence of fees or transaction
costs, [Kab09] discusses the case of separable trading costs (e.g. markets with a



single numéraire). This manuscript extends optimal rebalancing to the case of
general markets with multiple numéraires. This is a non-trivial task as trading
costs are not separable.

In Subsection ] we introduce the mathematical framework and state the
optimal rebalancing problem. Then, in Subsection [2.2] we interpret the problem
in the framework of optimal transport. This will motivate us to introduce a
notion of non-conservative optimal transport.

2.1 Optimal rebalancing problem
We take a static, snap-shot view of a market modeled as a graph.

Definition 2.1. A financial market is modeled by a weighted directed graph G =
(V,E, P), where

e vertices V. ={1,..., N} represent assets on the market,

e a directed edge (i,j) € E indicates that it is possible to directly trade asset
¢ into asset j,

e and the weight p : E — (0, 00) represents the price quoted in units of asset
received per unit of asset sold. For an edge (i,j) € E, one unit of asset i
can be exchanged for p; ;) units of asset j on the market.

A market with a single numéraire (Examplebelow) will be considered as
a special case. However, we do not assume the existence of a single numéraire
in general. This allows one to consider portfolios held in assets traded across
different international markets and currencies or various crypto currencies. We
refer to Figure [I] for an illustration.

Assumption 2.2. We make the following assumptions about the market.
A1l Strong connectedness: G is strongly connected.
A2 No arbitrage: For every directed cycle I' in G it holds [[.cppe < 1.

A3 Unlimited liquidity and no price impact: Assets are liquid and there is no
limit on number of units that can be traded. Trading does not impact
prices.

A4 No explicit fees: Fees, if any, are incorporated in the quoted prices.

Remark 2.3. We are taking a snap-shot view of considering the market at
a single time point with the aim of implementing the rebalancing in a single
trade executed immediately. Such a trade may consist of several successive
exchanges along the edges of the graph, all executed within the same period.
This, alongside the assumption of no price impact, is a reasonable approximation
when considering small portfolios (for extensions see Remark .

Regarding A4, it is possible to model linear (per share) fees as part of the
bid-ask spread, but not flat fees.



If we start with one unit of asset 7 and trade along a cycle I', we hold [ [, . pe
units of asset i after the trade. In particular, for any pair of directly tradable
assets ¢ and j no arbitrage implies p(; ;) <

D)
For convenience, we extend the quoted prices p to the best execution prices
P:V xV — (0,00) among all ordered pairs of assets. We set FP(; ;) := 1 and

P j) = max Hpe for i # 7,
er

Iii—yg

where the maximum is taken over all directed paths I' from ¢ to j in G. Con-
sequently, P(; ;) is the best price obtainable by routing a trade through the
market. Intuitively, by A1l paths between any pair of assets exist and by A2 the
maximum is attained on paths without repeated vertices.

Lemma 2.4. Let the market G = (V, E,p) satisfy A1 and A2. The best exe-
cution prices P are well defined and satisfy no arbitrage, i.e., for any directed

cycle T in the completed graph G = (V,V x V, P) is holds [leer Pe < 1.
Proof and further discussion is given in Appendix [A1]

Example 2.5. Consider a market with a single numéraire (w.l.o.g. asset 1),
where assets ¢ = 2,..., N can only be traded directly for the numéraire. We
refer to this as a star-shaped market. It is usual to quote prices in units of the
numéraire as the bid and ask prices,

1
P} = pu1) and P = for assets i = 2,..., N.
P@,4)

For completeness we set P? = P{ := 1. Rebalancing between all-long portfolios
on such a star-shaped market with proportional transaction costs is analyzed in
detail in [RX20]. After completion, this market quotes P jy = P?/Pf* for all
assets i # j: every trade is routed through the numéraire.

Definition 2.6. A portfolio is given by a vector x = (x1,...,v5)€ RN, where
x; denotes the number of units of the asset i held in the portfolio.

A trade (on G) is a map £ : V x V — [0,00) satisfying & j) = 0 fori = j.
Here ; ;) denotes the number of units of asset © that are traded for asset j at
the best-execution price P(; ;). = denotes the set of all trades.

A trade & changes the number of units of asset 7 held by
N
Azi(§) = Zp(j,z‘)ﬁ(j,i) —&(i.5) i=1,...,N. (2)
j=1

The aim is to rebalance the current portfolio x in such a way that the target
proportions v = (v1,...,vy) of value are achieved. To measure portfolio value,
the investor fixes (‘true’ or ‘fair’) asset values, which we assume to be consistent
with the quoted prices.



Figure 1: Illustration of a general financial market without a single numéraire.
The vertices USD, JPY and EUR denote currencies used as numéraires at na-
tional markets. Vertices connected to several numéraires denote cross-traded
assets, i.e. assets that are traded on several national markets.

Definition 2.7. A relative price vector q : V- — (0,00) is consistent with the
financial market G = (V, E,p) if it holds

Pip <L foraiijev.
4q;
Remark 2.8. Since a consistent price vector is scale invariant, we can turn any

asset 7 into a hypothetical numéraire by imposing ¢; = 1.

Example 2.9. Once more, consider the star-shaped market, where the no ar-
bitrage condition (A2) simplifies to

PP < pPf i=2,...N.

Any choice of P? < ¢; < P2 leads to a consistent price vector, one such example
is the mid price. Observe that in presence of a non-trivial bid-ask spread, the
consistent price vector is not unique (despite fixed numéraire).

Proposition 2.10. Let the financial market G = (V, E, P) satisfy Assumption
Al (strong connectedness). A consistent price vector exists if and only if the
market satisfies Assumption A2 of no arbitrage.

Proof of Proposition is given in Appendix Moreover, Remark
comments on computation of a consistent price vector.

Assumption 2.11. In addition to A1-A4 we assume the following.

A5 Long only portfolio: Current portfolio x consists only of long positions,
z; >0fori=1,...,N, and is non-trivial, x # 0.

A6 Target proportions: A vector v satisfying vazl vi = 1 and v; > 0 for
i=1,..., N is given.

A7 Consistent price vector: A consistent price vector q is fixed. Without
loss of generality, we impose ¢; = 1 and treat asset 1 as the hypothetical
numéraire.



In what follows we use the fixed consistent price vector q to compute value
of a portfolio expressed in units of the hypothetical numéraire. Consider the
current portfolio x and a trade £&. The value held in asset ¢ before and after
the trade, respectively, are ¢;x; and ¢; (x; + Az;(€)). Note that while we use
the consistent prices q to evaluate positions, trades are executed at the market
prices P. Therefore, a trade decreases the value of the portfolio. We denote the
cost of (rebalancing) trade & by

N
C(&) =— Zinxi@)-

We aim to find a trade & such that the value of portfolio x + Ax(§) is
distributed according to the target proportions v and to do so at the lowest cost
possible. For an illustration of the rebalancing problem we refer to Figure [2]
This yields the following optimization problem.

Problem 2.12. We identify the optimal rebalancing trade as the solution of

o c
InlIlglEHélze &)

subject to  x; + Ax;(€) > 0, i=1,...,N,
gi (zi + Az;(£))

ar (z + Azk(8))

V; =

M=z

k=1

We denote the feasible set of this problem by Z(x, v), highlighting its dependence
on the current portfolio x and the target proportions v; it also depends on the
consistent price vector q, which we regard as fixed throughout.

Remark 2.13. Since Zszl ar (g + Az () = Z,ivzl grxr — C(§), minimizing
the rebalancing cost is equivalent to maximizing the post-rebalancing value of
the portfolio,

N

arg min C(§) = arg max Z ak (21 + Azk()) -
EEE(x,v) SEE(x,Y) 1

Theorem 2.14. Let the assumptions A1-A7 hold. Solution to the optimal re-
balancing Problem exists.

In the next subsection, we show that the rebalancing problem corresponds to
a non-conservative optimal transport: by Proposition optimal rebalancing
trades correspond to optimal plans of the associated transport problem, whose
general theory — including the existence of optimal plans (Theorem [3.3) — is
developed in Section [3] The proof of Theorem is provided in Appendix
through a series of partial results.

Remark 2.15 (Extensions of optimal re-balancing). Solving the optimal re-
balancing Problem is only a first (theoretical) step. When trading larger
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Figure 2: Ilustration of the rebalancing process. The goal is to sell and buy
assets such that the wealth of the new portfolio is distributed according to the
target proportions (or measure) v.

quantities, price impact cannot be ignored and leads to a non-linear optimiza-
tion problem that is either convex or nonconvex depending on how price impact
is modeled. Re-balancing all at once might then be suboptimal, and spreading
trades out over time requires modeling dynamic, correlated asset prices and price
impacts. In particular, the price processes should then be modeled stochasti-
cally; a proper development of such a dynamic model is beyond the scope of this
paper. Optimal rebalancing can then be approached via the dynamic formula-
tion of optimal transport (cf. Section . Finally, the question of how often
and when one should re-balance (see for example [DN9Q, MP95| [HHT3]) leads
to tracking problems: transaction costs create a no-trade region in which the
marginal benefit of re-balancing is smaller than the additional cost, and many
tracking problems can be cast as entropic optimal transport, where the second
marginal condition is relaxed to trade off precision against cost (cf. Section |4.2)).

2.2 Rebalancing and optimal transport

Let us now show that the optimal portfolio rebalancing problem is closely con-
nected to optimal transport on a discrete state space @ =V = {1,...,N}:
rebalancing transports the current distribution of portfolio value into the target
distribution while minimizing trading costs. Since trades destroy value, mass is
lost during transport — in contrast to classical optimal transport, where mass is
conserved. We call the resulting problem a non-conservative optimal transport
problem.

Given the current portfolio position x and investor’s consistent price vector
q, the proportion of current portfolio value held in asset i is

Mi:]vqi'ixi fori=1,...,N.
Zk:1 qk - Tk
The current proportions u = (p1,...,un) as well as the target proportions
v = (v1,...,vN) are probability distributions on Q. We consider transport



plans 7 : Q x Q — [0, 1] that distribute the mass of u; the target v is prescribed
through the delivered values, as formalized in Problem below. The value
7(i,7) should represent proportion of portfolio’s value that should be trans-
ported (traded) from asset i to asset j. The cost functional ¢: Q x Q — [0,1)
capturing the proportional loss of portfolio value when exchanging (trading)
assets is given by

.. q;
c(i,j)=1— 2P jy;
qi
note that ¢ > 0 by the consistency of g, that ¢(i,7) = 0 (holding an asset is
free), and that ¢ < 1 since all best-execution prices are positive.

Remark 2.16. Let us relate transport plan 7 and cost ¢ to trade £ and its cost
C(&). In view of (2.1, the cost of a trade equals

N N N
CEO)=>a> (Eup— Puanton) = D (@ — aPaj)éa)- (3)
i=1  j=1 1,5=1

Since the transport plan 7 replaces the trade £ as the variable, (7, j) should be
proportional to ¢;§(; j), the value traded from asset i into asset j. Consequently,
the cost associated with m (7, j) is ¢(i,7) = i(qi —qiPuj))-

To formulate a transport problem corresponding to the optimal portfolio
rebalancing, we need to account for losses of mass during the transport. For
this purpose, we introduce the mass-change function m : Q x Q — (0, 1] given
by

.o qj ..
m(i, j) = ;Zp(i,,j) = 1—c(i, ).

Indeed, one unit of asset ¢ (with value ¢;) can be traded for P; ;) units of asset
J (with value g; P ;)), so exactly the proportion m(i, j) of the traded value
is preserved. In terms of the plan, the value delivered to asset j is therefore
>, m(i,7) (4, 7); the marginal condition ), 7(7,j) = v; of a classical coupling
would prescribe the dispatched value instead and ignore the loss. Rebalancing
prescribes the proportions of the delivered values, while their total is not fixed
a priori.

Problem 2.17. Now, we consider problem

N
min c(i,g)-m(i,79),
€D, (1,v) 7;]_221 ( ) ( )
where

N g: m(l,j)ﬂ'(l,])
To(p,v) =< m: 2 xQ—10,1] : Zﬂ'(i,j)zui and NZ
=1 >

=~
Il
-
-
Il
-



Problem is a modification of the optimal transport problem with mass
being lost during the transport, that is, a non-conservative optimal transport
problem. Since m > 0, the constraint set ', (i, v) is non-empty and an optimal
solution exists, see Remark [3.2] and Theorem [3.3] below. Section [3] studies the
general case of a non-conservative optimal transport problem. To conclude this
subsection, we relate the optimal solutions of the rebalancing Problem and
of the transport Problem

Proposition 2.18. Let Assumptions A1-A7 hold and denote v := Zi\;l Qr T -
Call a trade £ € = direct if Zj# §a,j) < x; for every asset i, i.e. if it sells
no more of any asset than initially held. Then some optimal solution of Prob-

lem is a direct trade. Moreover, a direct trade £ € E(x,v) is an optimal
solution of Problem if and only if T given by

(i, 5) = L& if i # J,
PN (v - Sasiben)  Fimi

is an optimal solution of Problem[2.17; every optimal solution of Problem[2.17
arises in this way.

Proof of Proposition [2.18]is given in Appendix following two auxiliary
lemmas. In financial terms, directness is a minimal-turnover property: among
the optimal rebalancing trades, those minimizing the total sold value are direct

(Lemma b)).

3 Non-conservative optimal transport

This section develops the framework and theory of non-conservative optimal
transport. In Section|3.1{we propose and solve the non-conservative Kantorovich
problem and discuss applications. In Section we develop and solve the
dual-problem. Strong duality is deduced in Section The existence of opti-
mal transport maps is discussed in Section [3.4] and the dynamic formulation is
treated in Section [3.5

3.1 The non-conservative Kantorovich Problem.

Let us consider two complete, separable metric spaces X and ). For a metric
space Z, we denote its Borel o-algebra by B(Z), the set of Borel probability
measures on Z by P(Z), and the space of bounded and continuous real-valued
functions on Z by Cp(Z). Let the mass-change factor m : X x Y — [0,00) be
Borel measurable. It models the percentage of mass that is lost (if m(x,y) < 1)
or gained (if m(x,y) > 1) when transporting some mass from z to y. The loss
or gain of mass is proportional to the amount of transported mass m(z,y). The
mass-change factor m(z, y) depends only on the starting point z and endpoint y,
and not on other factors like the amount of mass transported, the route or the
velocity of the transport.

10



We consider a source probability measure p € P(X) and transport its mass
according to a transport plan m € P(X x )). As mass is lost or gained during
the transport, the transported measure is distributed according to

B(Y)> B~ m(x,y)r(dz, dy),
XxB

which generically is not a probability measure. However, we require that the
remaining mass after transport will be distributed proportionally to a given tar-
get probability measure v € P(Y). Hence, the set of non-conservative transport
plans w.r.t. source measure ;1 and target measure v is given by

m € P(X x Y) such that
0< / m(z,y)n(dz, dy) < oo,
XXY
(Proj)sm = i,
(Prosy)stmm) = ([ mia.gyatas.dn)) v
XxXY

Fm(:ua V) =

This means that the first marginal is distributed as y, i.e. (Proj;)sm = p. The
second marginal satisfies the relation (Proj,)s(mm) = ([ m dr) - v.

Definition 3.1 (Kantorovich problem in non-conservative optimal transport).
Given Borel-measurable functions ¢: X x Y =5 R and m: X x Y — [0,00), the
non-conservative Kantorovich problem is to minimize the functional

T | clz,y)n(de, dy)
X XY

over all m € Ty, (u,v). Equivalently, its optimal value is

inf /Xxy c(z, y)m(dz, dy). (KP)

€l (u,v)

Remark 3.2 (Feasibility of (KPJ))). Under general non-degeneracy assumptions
the set Ty, (1, v) is non-empty. More precisely, if the probability measure o given
by

P 1 : L
v(B) = 7 /B —fx (@, g)alde) v(dy) with 0 < Z < oo such that #(Y) =1

is well-defined, it holds p ® 7 € T, (u, ).

Non-emptiness of 'y, (p, v) will not be assumed globally: under the two-
sided bounds (3.3)) below it holds automatically, since 7 is then well-defined
(see Theorem [3.3)), and in the one setting where these bounds are relaxed it
is assumed explicitly (Section [3.5). Let us turn to the solution of (KP). To

11



find a minimizer via the direct method one needs to establish tightness for a
sequence of minimizing transport plans. To transfer tightness of v to the second
marginal we assume that the mass factor is uniformly bounded from above and
from below. Under this assumption the non-conservative Kantorovich problem
admits a solution on complete, separable metric spaces. It is clear that the
assumptions could be relaxed further, but this is not the main objective of this
article.

Theorem 3.3 (Solution of (KP)). Suppose that the cost function ¢ is lower
semi-continuous and bounded from below, and that the mass-change factor m is
continuous. Assume that there are constants 0 < m < m < oo such that

m < m(z,y) <m for all (z,y) € X x Y. (5)

Then the set Ty, (u,v) is non-empty. Moreover, Problem admits a mini-
mizer m* € Ty (u,v), i.c.

inf / c(z, y)m(dz, dy) = / c(z, y)r*(dz, dy).
m€lm () Jxxy xXxYy
Proof of Theorem [3.3 First, let us note that implies that the measure o
from the preceding remark is well-defined. Therefore, p® v € T',,, (i, v) and the
admissible set is non-empty.
Let (mp)nen C T (1, v) be a minimizing sequence for (KP)), and set

Qn = / m(x,y)m, (dz, dy).
X XY

It follows from (3.3) that m < ¢, < m. Additionally, for every Borel set B €
B(Y) it holds

(X x B) < é [ (e ) (e, dy) = %V(B) < ZV(B). (6)

Let € > 0. Since p and v are probability measures on complete, separable metric
spaces, there are compact sets Ky C X and Ky C Y such that
€

€ m
,u(X\KX)<§ and V(y\Ky)<%§.

Using that the first marginal of 7, is given by u and applying (3.1]), we obtain
T (X X V)\ (Kx X Ky)) < p(X\ Kx) +mn (X x (V\ Ky)) <e.

Hence, the sequence (7, )nen is tight. By Prokhorov’s theorem, there is a subse-
quence, which we again denote by (m,)nen, and a probability measure 7* such
that 7, converges weakly to 7*.

It remains to verify that 7* € T, (s, 7). The first marginal condition fol-
lows directly from weak convergence. Set ¢* := [mdr* and let ¢ € Cy(Y).

12



As m is bounded and continuous, both functions (z,y) — m(z,y) and (z,y) —
¢(y)m(z,y) are bounded and continuous. Consequently, ¢, — ¢* and

/ C(y)m(a, y)r* (dz, dy) = lim [ C(y)m(z, y)ma(dz, dy)
= lim g / C)ridy) = ¢ / C(y)v(dy).

Since ¢* > m > 0, this is the second marginal condition in (3.1). Thus, 7* €
[, (u, v). Finally, lower semi-continuity of ¢ and the Portmanteau theorem yield

/c(x,y)w*(dx,dy) <liminf | e(z,y)m,(dz, dy),

n—oo
which shows that 7* is a minimizer. O

Remark 3.4 (Mass escaping to infinity). The upper bound alone in (3.3) is
not sufficient to guarantee tightness. Let X = {0,1} and ¥ = N = {1,2,...},
both equipped with the discrete topology. Consider the probability measures

W= %50—1—%51 and v({j}) =277, jeN,
the mass-change factor
m(0,7)=1 and  m(l,j) =477,
and the cost function

1
c(0,7)=0 and c(l,9) = 7

Both m and ¢ are continuous, the function m is positive and bounded from
above, and c is bounded from below. However, inf m = 0.
For n € N, let ¢, = (1 +47")/2 and define the transport plan m, by

1 . —-n 11— ;
. 5, J=MN, . Gn2 - 354 , J =N,
0, j#n, an277, J#n.

The values m,(0,n) are non-negative and a direct calculation shows that the
first marginal of m, is u. Moreover, for every 7 € N it holds

T (0,5) + 47w, (1,5) = gn277.

Hence, the weighted second marginal is given by ¢,v and 7, € I';, (i, ). The
cost of m, is

1
/c(x,y)wn(dx,dy) =5 — 0.

13



On the other hand, every m € I'y,(u, v) satisfies >,y m(1,5) = 1/2 and there-
fore

/c(x,y)ﬂ(d:c,dy) = Z %71’(1,]') > 0.

JEN

Thus, the infimum in (KP)) is zero but is not attained. In the sequence (),
half of the mass escapes to infinity through points where m becomes small.

Remark 3.5 (Non-uniqueness of the optimal transport plan). In general, the
optimal transport plan 7* is not unique. Let us consider a mass-change factor
such that m(z,y) = 0 whenever |z —y| > C > 0 (see e.g. below). If the
source measure y has some mass in a set A such that infye 4 yesuppy |2 —y| > C,
the mass from A cannot reach the support supp v and it does not matter where
in supp v it gets transported to. Remark [3.18]in Section [3.4]discusses a situation
where the optimal transport plan is unique.

In the remainder of this subsection we present settings and situations where
the non-conservative OT may arise or find applications. A detailed example of
optimal rebalancing of portfolios corresponding to a discrete non-conservative
optimal transport problem was outlined in Section

Example 3.6 (Leaky Monge Problem). The original motivation of Monge was
to find the most efficient way to move sand distributed in space according to u
to a desired target distribution v using buckets of unit mass. Therefore, the cost
function ¢(x,y) is given by the natural (e.g. Euclidean or Manhattan) distance
between x and y. The solution of the associated optimal transport problem
minimizes the mean dislocation. No particle of sand is making an unnecessary
round trip. If the mass is only moved horizontally on a frictional surface with
constant resistive force proportional to its weight, this corresponds to minimiz-
ing the needed work to transport the sand.

Now, let us assume that buckets are leaky, i.e. they lose sand at a uniform
rate due to a small hole in the bucket. Assuming that mass is transported with
uniform speed, the mass-change factor is given by

m(z,y) = max{0,1 — kd(x,y)}, (7)

where d(z,y) measures the time to transport and the constant k£ > 0 models
the size of the hole.

In many physical models, the loss of mass would not happen at a uniform
rate but be proportional to the remaining sand in the bucket. Examples would
be loss of mass due to radioactive decay, first order chemical reactions such as
drug elimination in a host, small gas leaks, or biodegradation of organic matter.
In such a situation the loss will be exponential in the time needed to transport
the mass from z to y and the mass-change factor is given by

m(z,y) = exp(—kd(z,y)). (8)
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A situation when mass is gained in the transport could be a vehicle that charges
its battery via solar panels or an infrastructure (e.g. satellites or cars). Note
that for the condition of Remark may fail: if the supports of p and v
are at distance at least 1/k, no mass survives the transport and T, (u,v) is
empty; for the strictly positive factor this cannot happen.

Remark 3.7 (Limitations and extensions). Our model cannot account for sit-
uations when the loss of mass is not proportional to the amount of transported
mass. In reality, the dependency between cost function, the mass-change factor,
and the transport map is a lot more subtle and should be carefully modeled
with the specific application in mind. The interplay between those quantities
gives rise to richer models and strategies. In the application to optimal re-
balancing, minimizing the cost function is equivalent to minimizing the loss of
mass. Non-conservative optimal transport problems are able to find a balance
between competing goals; for example when finding the best speed to transport
mass from x to y in order not to lose too much mass but also not to spend too
much energy for the transport.

Optimal transport has beautiful interpretations and applications in eco-
nomics, see e.g. [Sanlbl Section 1.7.3]. We mention two such problems from
economics here for which a non-conservative extension has natural applications.

Example 3.8 (Utility maximization). One such application is in optimal al-
location of goods to consumers. The source measure p(x) and the target mea-
sure v(y) represent the distributions of various types of goods and consumers,
respectively. The aim of the optimal transport problem is to maximize the
overall utility u = —c across possible matchings 7w of goods to consumers. The
optimal potential ¢(x) of the dual problem (cf. Section below) determines
the optimal prices of the good z, and the potential 1(y) describes the received
utility of the consumer y. One remarkable feature is that in the optimal state,
every single utility is maximized, i.e. ¥(y) = max, (u, — ¢(x)).

In a non-conservative setting, the mass-change function m(x,y) can describe
the taxes or tariffs consumer y has to pay when buying the good xz. Non-
conservative optimal transport provides a tool to study the implications of new
tariffs. It could also give rise to new tools that allow one to find the optimal de-
sign of tariffs given a certain agenda. Galichon [Gall6, Section 10.4] asks how the
transport viewpoint extends when transfers are taxed, contrasting the resulting
equilibrium transport problems with optimization-based transport. In matching
markets the tax falls on the payments between matched agents, and [DGJK20]
recover an optimization structure for proportional taxes. Here it falls on the
transported mass itself, and the optimization structure survives for proportional,
pair-dependent loss; nonlinear frictions lie outside our framework.

Example 3.9 (Productivity maximization). Another economic application is
the maximization of the productivity of a company. The source measure u(x)
is interpreted as the number of workers of type = available, and the target mea-
sure v(y) the amount of work of type y needed to create the product. The
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productivity function p = —c then describes how productive a worker of type x
is at performing task y. The associated optimal transport problem then max-
imizes the productivity of the company and finds the optimal assignment of
jobs. Moving to the non-conservative setting, the mass-change factor m(x,y)
could model the retention rate, i.e. how many workers of type x quit if they are
forced to do job y. Including the retention rates will result in a more productive
company.

3.2 The non-conservative Dual Problem.

We open this subsection with a formal derivation that will motivate the for-
mulation of the dual problem to the optimization problem . Under the
compactness hypotheses of Theorem [3.13] below, all displayed quantities are
well-defined; outside that setting, the calculation only motivates the dual prob-
lem. Let M (X x ) denote the set of positive finite measures on X x ). We
define the function x : M4 (X x V) — [0, ] as

x(w)sup{ / () p(dz) — /X @) e, dy)

2R
+

X
b(y) vdy) /X | i) n(de,dy) -

y A%y

Y(y)m(z,y) m(dz, dy) }

where the supremum is over all bounded and continuous functions ¢ € Cp(X)
and ¢ € Cy(Y). Under the hypotheses of Theorem the function x coincides

with
oo, ifme My(X xIY)\ Ty, v),
x(m) = .
0, ifmely(p,v).

Hence, we obtain that

7€l (k) TEML(XXY)

inf /Xxyc(:n,y) 7(dz,dy) = inf {/Xxyc(x,y) m(dx,dy) + x(w)}

= it sl [ cyatdndy) + [ p@utde) ~ [ el atdn,dy)
TEML(XXY) oo | Jaxy X XxY

+/yw(y)V(dy)/XXym(x,y)W(dx,dy)— w(y)m(fﬂ,y)ﬂ(dfrvdy)}

XxXY

Consequently,

inf / () w(de, dy) > sup{ / () p(de) (9)

TEL m (1,v) Ry

+ﬂ€Mi+n(fXXy)/<c(x,y) —p(z) — <¢(y) - /w(b) V(db)) m(x,y))w(dx,dy)}.
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For a fixed pair (¢, 1), the inner infimum in (3.2)) equals —co unless

(o) 2 pla) + (000) = [ O V@) mlz,y) Vo) XD,

This calculation motivates the following definition.

Definition 3.10 (Dual Kantorovich problem in non-conservative optimal trans-
port). Given a cost function ¢ : X X Y — R and a mass-change factor m :
XXY — [0,00), we define the admissibility set A .= A(c,m) as all pairs (¢,) €
Co(X) % Cp(Y) such that

cl.y) 2 pla) + (00) = [ O V@) mlz.y) o) € X x P, (10)

The dual problem is given by
sup [ ola) ). (DP)
()€ A(c,m)

Remark 3.11. For a constant mass-change factor m = 1, one recovers the dual
problem of the classical Kantorovich problem

iug{/ p(dx) + /w ) | Yo,y clzy) > so(x)+1/}(y)}~

Here the supremum is taken over ¢ € Cp(X) and ¢ € Cp(Y). One difference in
non-conservative optimal transport is that the roles of ;1 and v are not symmet-
ric. Consequently, also the roles of ¢ and 1 become non-symmetric.

The preceding calculation motivates the form of the dual problem. Weak
duality itself follows directly from the marginal constraints and is summarized
below.

Lemma 3.12 (Weak duality). For all m € Ty, (11, v) and all (,v) € A it holds
[ oyt dy) = int @ P) = sup ©F) > [ (o) e

Proof. Let m € Ty, (i, v) and (¢, ) € A, and set

I = / m(z,y)m(dz, dy).
XxY

The terms involving ¢ and 9 are finite since these functions are bounded and 0 <
¢r < 00. Moreover, the admissibility inequality makes [ cdr well-defined as an
extended real number. Integrating with respect to m and using both
marginal conditions in , we obtain

/c(x7y)7r(d:1c7dy) 2/ p(dx) /w m(z,y)m(dx,dy) —qﬁ/w
~ [ wlantda).

17



Taking the supremum over (¢, 1) € A and then the infimum over © € I'y, (4, v)
proves the middle inequality. The remaining inequalities follow directly from
the definitions. O

Let us now investigate existence of a maximizer of the dual problem (DP).

Theorem 3.13. Suppose that the sets X and Y are compact and that the func-
tions ¢ and m are continuous with inf m(x,y) > 0. Then, there exists (p,1) € A
T,y

satisfying
o) 1= o) = inf (clo) = (v = [ wibwian JmGe)) - (11
and
v(o) = int I i [ty - (12)
such that

sup (DP) = max (OF) = [ ¢(o(de).

Under the hypotheses of Theorem [3.13] continuous functions are bounded.
In particular, C(X) = Cp(X), C(Y) = Cp(Y), and C(X x V) = Cp(X x V).

The main idea of the proof is using the Arzela-Ascoli theorem to show that
a maximizing sequence (p,, ¥, ) € A converges to a maximizer (p,v) € A. The
equation takes on a similar role as the c-transform in classical optimal
transport. In contrast to the classical case, the argument gets more involved
due to and being a more complicated analogue of the c-transform
that lacks symmetry. Compactness is also a standard convenient assumption in
the classical construction of continuous Kantorovich potentials by c-transforms
and the Arzela—Ascoli theorem; see, e.g., [SanI5l Section 1.2]. On non-compact
spaces, dual attainment requires additional boundedness, regularity, or integra-
bility assumptions.

Proof of Theorem[3.13 In the first part of this proof we show that the feasible
set of the dual problem (DP)) can be restricted to admissible pairs (¢,v) € A
satisfying and (3.13) without changing the optimal value or solution of
the problem. We start with deducing . For this, let us fix a function 1
and consider all ¢ such that (¢,1) € A is admissible. From the definition of A
and the continuity of ¢ and m it follows that

(o) < it (clo) = (000 = [ v v@)me) = v (13)
As all involved functions are continuous, the function ¢, is also continuous.
Because & is compact, the function ¢, is also bounded. It follows that the

pair (5,,1) € A and from (3.2)) it follows that

/X p(@)plde) < /X e, (2)p(de),
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Therefore, we can w.l.o.g. impose ¢ = ¢, .

Next, let us show that we can w.l.o.g. impose (3.13). Indeed, from the
admissibility condition it follows that

e c(@,y) — o)
¥y */%ﬁdey <inf —————.
)~ [ wlwidy) < imp L
Integrating this inequality yields
0= [ vty - [ v < [ e D=2, )
y y y = mz,y)
By continuity and monotonicity there exists a constant & > 0 such that

m(x,y)

We define now

gtk and  g(y) = inf Y @k
’ m(z,y)

It follows from the construction that (¢,1)) € A is admissible and

/wduﬁ/sédu-

From the original pair (p,1), we constructed an admissible pair (¢,v) € A
that increased [ ¢ dp < [ du, and satisfies [¢ dv =0 and (3.13). To ensure
that (3.13)) and (3.13]) hold simultaneously, it is sufficient to define

@(.’E) = (C(LC, y) - J)(y)m(xa y))7

inf
yeY

and realize that the pair (@, QZ) € A is admissible, satisfies and , and

again increased [ ¢ du < [ @ du. This two-step improvement is the analogue of

the double convexification trick of classical optimal transport, see e.g. [Sanl5].
In the next part of this proof, we show that admissible pairs (¢,v) € A

satisfying (3.1343.13) are uniformly bounded, i.e. there is a constant K > 0
such that

K<) <K, —-K<y@k <K foralzeX, yel. (14)

(i) From (3.13) it follows that ¢ (y*) > 0 for some y* € Y. Using (3.2)

and [ ¢ dv = 0, it follows that ¢ is uniformly bounded from above, namely

o(z) < c(z,y*) < sgcui) c(z,y) < oo. (15)
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(ii) From (3.2) it follows that

() — p(x) _ infay cla,y) - sup, , clz,y)
m(x,y) o inf.’L‘,’y m(l‘,y)

Y

which together with (3.13]) yields that 1 is uniformly bounded from below.
(iii) Note that the objective value for an admissible pair (p,v) € A with
p(z) < infc(z,y) across all z € X is dominated by an objective value
x,y _
for the constant admissible pair (@,%) = (inf ¢(z,y),0). Therefore, we
T,y

can w.l.o.g. exclude such admissible pairs and assume that there exists
some z* € X such that ¢(z*) > inf ¢(x,y). In light of this, for all y € Y
T,y

we obtain from (3.13))

c(z*,y) — p(a*) _ 8UPsy c(z,y) — infay c(z,y)
m(z*,y) inf, , m(z,y) '

P(y) <

This shows that 1 is uniformly bounded from above.

(iv) Finally, the uniform upper bound on ¢ implies by (3.13) and (3.13) a
uniform lower bound on ¢.

In the last part of the proof, we argue existence of an optimal solution.
By the previous arguments, we restrict ourselves to admissible pairs satisfy-
ing (3.133.13) and uniform boundedness. Let us consider a maximizing se-
quence (@, ¥,) € A realizing the supremum in . In order to apply Arzela-
Ascoli, it remains to show that the functions ¢,, and 1, are equi-continuous.
Let us first consider {¢,,} and define the family of functions f, ,(z) := ¢(z,y) —
Yo (y)m(z,y) and observe ¢, (z) = inf, f, ,(z). It is a known fact that the
modulus of continuity of f, ,(z) carries over to inf, f, ., = ¢, (see e.g. [Sanldl

Box 1.5]). Direct calculation using (3.13)) and (3.2)) gives
[fym(22) = fym(@1)| < le(22,y) — c(z1,y)| + Klm(zz,y) — m(z1,y)|-

So the modulus of continuity of the functions ¢,, only depends on the modu-
lus of continuity of ¢ and m. Therefore the functions ¢, are equi-continuous.
Let us now consider the family {1, } and define the auxiliary functions g, , =
c(@,y) —on ()

ma | | .
only depending on ¢ and m, a direct calculation shows that the family g, , also

has a uniform modulus of continuity, and therefore inf, g, = v, has a uniform

modulus of continuity as well. Hence, the functions 1, are equi-continuous.
As a consequence, we can apply Arzela-Ascoli and can extract a subse-

quence (@, , ¥y, ) that converges uniformly to a maximizer (p,v) € A. O

. As the family ¢, is equi-continuous with modulus of continuity

3.3 Strong Duality
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We prove strong duality by a direct application of the Hahn—Banach separation
theorem. The argument follows the approach to classical Monge—Kantorovich
duality in [Edwl10, Theorem 4.1], adapted here to the weighted marginal con-
straint. In particular, equality of the primal and dual values does not require
the existence of optimal potentials.

Theorem 3.14 (Strong Duality). Suppose that the assumptions of Theorem
hold and that there exists mg € I'p,(,v) such that

/ c(z, y)mo(dz, dy) < . (16)
XxY
Then
win [ cprtnd) = sw [ plapuldo).
melm (pov) Jaxy (p)EA(e,m) J X

The proof of Theorem [3.14] needs some preparation. Throughout the remain-
der of this subsection, we impose the assumptions of Theorem [3.3} in particular,
the cost function c is lower semi-continuous and bounded from below, and the
mass-change factor m is continuous and satisfies the two-sided bounds . For
a metric space Z, let M(Z) denote the space of finite signed Borel measures
on Z, equipped with the weak topology induced by Cp(Z). We write M (Z2)
for its cone of non-negative measures and

Mo (V) :={A e M(Y) : A(Y) = 0}.
For m € M4 (X x V), define

qﬂz/ m(z,y)r(de,dy), L = (Projy)y(mm) — qev.
X XY

Then Lt € My(Y). Moreover, if (Proj;)ym = u, then 7 is a probability measure
and yields 0 < m < g < m < oco. In this case, the relation L7 = 0 is
equivalent to w € Ty, (p, ).

We need the following auxiliary lemma.

Lemma 3.15. Suppose that the assumptions of Theorem [3.3 hold. Consider
the locally conver space

E:=M(X)x Mp(Y) xR
with the product topology. Then the subset
K = {(n,)\,r) € E : there exists 1 € M (X x V) such that (17)

(Projy)em =, Lm= A, /cdw <r)

is a closed convex cone in E.
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Proof of Lemma[3.15, The convex-cone property follows directly from the lin-
earity of the first marginal, the map L, and the cost integral. We prove closed-
ness. Since the weak topology on the space of signed measures need not be
metrizable, we begin with a net. Let (n;,\;,7;) be a net in K converging
to (n,\,r) in E, and choose corresponding measures m; € M, (X x }) as
in . Since 7, converges weakly to n, the masses

mi(X x V) = ni(X)

converge to n(X) and are therefore eventually bounded. Passing to a tail of the
net, we may assume that they are bounded. Hence, by (3.3)), the numbers ¢; :=
f mdm; are bounded. Passing to a subnet, we may assume that ¢; — ¢ for
some g > 0. The positive measures

pi = (Projy)g(mm;) = Ai + qiv

then converge weakly to the positive measure p := A + gqv. On Polish spaces,
the weak topology on finite positive measures is metrizable. We may therefore
select a sequence of terms of the subnet, which we denote by (9, \n, ), with
corresponding measures 7,, such that

N — 1, Pn = P, n — 4, Tn — T
The weakly convergent sequences (1,,) and (p,,) are uniformly tight. Moreover,

for all Borel sets A C X and B C ),

Ta(AX V) = a(4), (X x B) < —pu(B).

1
m

It follows that () is uniformly tight. By Prokhorov’s theorem, a subsequence
converges weakly to some m € M (X x Y).

Passing to the limit in the first marginal gives (Proj;)sm = 7. Since m is
bounded and continuous, weak convergence also gives Lw = A. Finally, lower
semi-continuity of ¢, the Portmanteau theorem, and r,, — r yield

/cdﬂgliminf/cdwn <limr, =r.

Thus, (n, A,r) € K, and K is closed. O
Proof of Theorem[3.1] Let

P:= min /cdw,

ﬂEFm (H‘v”)
which is finite by (3.14). Fix € > 0. By the definition of P and (3.15)), the point

ze == (p,0, P —¢€)
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does not belong to K. Since K is a closed convex cone, the Hahn—Banach
separation theorem yields a non-zero continuous linear functional F' on E such
that

F(z:) <0< F(k) for all k € K. (18)

By the definition of the weak topologies on the first two factors of E, there are
functions f € Cp(X) and g € Cp()), and a number « € R, such that

F(n,)\,r):/ fdn+/gd)\+ar.
X y

Since (0,0,s) € K for all s > 0, it follows that & > 0. If & = 0, then the
finite-cost plan 7y from (3.14]) gives a point (u,0,79) € K with rg < oco. This
would imply

0< F(u,0,r9) :/fdu:F(zg) <0,

a contradiction. Hence, a > 0.
Let (z,y) € & x Y and s > 0. Taking 7 = s6(, ) in (3.15) shows that

(865, sm(z,y) (6, — v), sc(z,y)) € K.

Applying (3.3)) and dividing by s yields

Fw) +mlz, ) (g(y) - /y gdu) T ac(z,y) > 0.

Define

Then (¢,v) € A(c,m). Furthermore, the strict inequality in (3.3)) gives

/(pd,u>P—a.
x

It follows that sup (DP)) > P — . Since ¢ > 0 is arbitrary, weak duality
gives sup = P. O

3.4 Existence of optimal transport map(s)

In this subsection, we study whether the optimal transport plan of problem
can be expressed via optimal transport map(s). As the roles of the measures u
and v are not symmetric, we define two notions of optimal transport maps.
Throughout, # denotes the push-forward measure.

The arguments for the existence results below use optimal Kantorovich po-
tentials and their regularity. We therefore retain compactness of the underlying
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spaces X and ): it yields dual attainment through Theorem and provides
the uniform bounds needed in the characteristic-equation argument. In clas-
sical optimal transport, compactness can be replaced by suitable moment and
growth assumptions in particular settings; we do not pursue the corresponding
extension here.

Definition 3.16 (Primal and dual optimal transport map). Assume that 7 is
an optimal transport plan for the problem (KP)).

(i) A function T : X — Y is called a (primal) optimal transport map if
7 = (Idx, T)yp is given by the push forward of p under the map (Idx,T).

(i) A function S : Y — X is called a dual optimal transport map of (KP)) if
7 = (S,1dy)4\. Here, the probability measure X is given by the Radon-
Nikodym derivative

1 1

M) = 7S w)

v(dy),
where Z denotes the normalization constant transforming X\ into a proba-
bility measure.

Using the same argument as in the case of classical optimal transport we get
the following statement.

Proposition 3.17 (Criterion for the existence of optimal transport maps).
Let * be an optimal transport plan for problem (KP)).

(i) If for a function T : X — Y it holds
suppm” C {(z,T(z)) | € X'},
then T is an optimal transport map of .
(i) If for a function S :Y — X it holds

suppm” C {(S(y),y) | y € V},
then S is a dual optimal transport map of (KP).

Remark 3.18. Suppose that every optimal transport plan of is induced
by a transport map, as in Proposition (i) below. Then the optimal transport
map is p-a.e. unique, and consequently so is the optimal transport plan. Indeed,
if m = (Idw,Th)spe and mo := (Idy,T5)yp are optimal, then 73 = %m + %wz
is optimal as well, since the set I';, (i, v) is convex and the objective is linear
in the plan. Being induced by a map, w3 = (Idx,T3)su, which is only possible
if Ty = T p-a.e. The same argument applies to dual optimal transport maps,
with v in place of u.

Remark 3.19. If there exists an optimal transport map T as well as a dual
optimal transport map S, then it holds (z,T(z)) = (S(y),y) for 7*-a.e. (x,y).
Therefore, T and S are inverse to each other.
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From Proposition [3.17]it becomes clear that in order to show the existence of
optimal transport maps, one needs to study the support of the optimal transport
plan.

Proposition 3.20. Assume that min (KP|) = max , which means that there
is 7 € Ty (,v) and (p,¢) € A such that

[ @ i) = [ elay) dn (19)
Then, the support of ™ is contained in the set
s={wa e xx o) = @)+ (v - [0 ar)mizn | 20

i.e. suppm® C S. Moreover, consider the family of functions f, : YV — R
and gy : X — R given by

n@wdaw(ww/wm)m@w> (21)

and
C(.I', y) — (p(l’)
) = 22
gy( ) m(x,y) ( )
Then, the set S is given by
S={(z,y) € X x Y | y minimizes f; and x minimizes g, } . (23)

Proof. Recall from Theorem that we may choose the optimal dual solu-
tion (p,9) € A such that (3.13) and (3.13) hold. Define the non-negative

continuous function
R@wwzdaw—wm—(ww—/ﬂm)muw»

Using both marginal conditions on 7*, we obtain

/Rdw* :/cd7r*—/g0d,u:07

where the last equality follows from ([3.20]). Since R > 0 is continuous, it follows
that R = 0 on supp 7*, which proves (3.20]).
It remains to characterize S. For (x,y) € S, the contact equality and ad-

missibility give

fo(y) = p(a) < fuly') forally €,

g(2) = $(y) < g,(a') for all 2’ € X.
Thus, y minimizes f, and x minimizes g,. Conversely, if y minimizes f, and x
minimizes g,, then (3.13)) and (3.13]) give
and hence (x,y) € S. This proves ([3.20). O
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The theory for the existence of optimal transport maps does not easily carry
over from the conservative case and needs further investigation. The next state-
ment shows the existence of (primal or dual) optimal transport maps if the
mass-change factor m = 1, i.e. if the model is close to a classical optimal trans-
port problem.

Proposition 3.21 (Existence of optimal transport maps in the perturbative
regime). Let X',) C R™ be non-empty, compact sets that are equal to the clo-
sures of their interiors. Let h,d : [0,00) — R be two smooth, convez, Lipschitz
functions such that

e N is strictly increasing and limg o M =0;

o d is non-decreasing and limg o M =0.

Additionally, we assume that there is € > 0 such that

B'(2) >ed"(z) and 1'(z)>ed(z) forall0<z< sup |z—y| (24)
zeX,yey

We consider the cost function c(z,y) = h(lx — y|) and the mass-change fac-
tor m(x,y) = exp(—k d(|Jz — y|)) where k > 0 is a constant.

Then, there is a constant K such that for all 0 < k < K it holds:

(i) If the probability measure p € P(X) is absolutely continuous w.r.t. the
Lebesgue measure and the boundary of X has Lebesgue-measure 0, then
every optimal transport plan is given by a unique optimal transport map T :
X — ).

(i1) If the probability measure v € P(Y) is absolutely continuous w.r.t. the
Lebesgue measure, and the boundary of YV has Lebesgue-measure 0, then
every optimal transport plan is given by a unique dual optimal transport
map S:Y — X.

Proof of Proposition|3.21 Under the current assumptions, Theorems 3.13]
and hold. Consequently, the optimal dual solution (p, 1) € A exists and

the assumptions of Proposition are satisfied. Hence, for any point (z,y) €

c(z,y)—p(@)
m(z,y)

and the value y is a minimizer of the function f,(y) = c¢(x,y) — ¥(y)m(x,y).

We now show that f, and g, are a.e. differentiable.

Recall from the proof of Theorem that ¢, are uniformly bounded.
Specifically, we can show that

supp 7* it holds that the value  is a minimizer of the function g, (z) =

—h(1+ 2¢2k) < o(x)<h and — 2hekd < P(y) < 2hekd

where h:= sup |h(lz—y|)|andd:= sup |d(|z—y]|)|- In particular, those
reEX ,Yyey reX ,Yyey
bounds are uniform in |k| < K. As X and Y are compact and additionally ¢
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and v are uniformly bounded, the functions ¢ and 1 inherit the modulus of
continuity, up to a universal constant, from ¢ and m (see proof of Theorem
for more details). Therefore ¢ and 1 are both Lipschitz, which implies together
with our assumptions on ¢ and m that f, and g, are also Lipschitz (see
and ) It follows from Rademacher’s theorem (here we use that X is the
closure of its interior) that if u is absolutely continuous w.r.t. the Lebesgue
measure, the functions g, are p-a.e. differentiable. Similarly, the functions f,
are v-a.e. differentiable if v is absolutely continuous w.r.t. the Lebesgue measure.
Let us turn to the verification of (i). Recall from the characterization
that for all (z,y) € supp 7*, the value  minimizes the function g,. For (z,y) €
supp 7* it holds (recall that boundary points are negligible by assumption)

0=m(z,y)Vasgy(x) (25)
= Vac(z,y) — Vap(z) — (C(% y) — w(w))vz Inm(z,y) [t a.e. .

For ¢(x,y) = h(lx — y|) and m(x,y) = exp(—kd(|z — y|)) > 0 we obtain

(Wl = wl) (e =) (= ) = (@) ) 7 = Vaolo): (26)

We now argue that, for fixed x, the equation (3.4) uniquely characterizes y.

Since & and ) are compact, D := sup,, |z — y| is finite, and since (v,y)
solves the equation (3.4]), it must hold that x —y = z \gmi8§| for some value

—D < z < D. In light of (3.4), the scalar z must satisfy

é (W (1) + K (J2]) ((J2]) — 9(2) ) = [Vap(@)] o)

=:F(|z])

In view of the uniform upper bound ¢(z) < h and z € [-D, D] it holds h(|z]) —
¢(x) > —2h. Then, for 0 < k < 5= it holds for |z| >0

Fll=l) = W(I20) + k d'(]) (h(12]) — o(a)) > K (1<) — 20 & d'(1=) B2 0

Additionally, it follows from our assumptions that F'(|z|) = 0 if and only if |z| =
0. Therefore, in the case |V p(z)| = 0, it follows that y = x is uniquely
characterized by =x.

In the case |Vgzo(x)| # 0, the equation may only have solutions z > 0

for sufficiently small k£ > 0. We now show that F(z) is strictly increasing for
sufficiently small & > 0. In view of the assumptions, it holds that

F'(z) = h"(2) + kd" (2) (h(2) — ¢(2)) + kd' (2)I(2)
> h"(z) — 2hkd"(2) > (¢ — 2hk)d"(z) > 0,

|o

for any 0 < k <

=3
terized via (3.4) gi

. This concludes the argument for y being uniquely charac-
ven x, which proves part (i).

= |
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The argument for (ii) follows in the footsteps of (i). We have seen above
that the functions f, are v-a.e. differentiable. Taking the gradient of f, w.r.t. y
yields for (z,y) € supp 7* (boundary points are again negligible by assumption)

Vye(x,y) —m(z,y) Vy(y) — ¥(y)Vym(z,y) =0 vae. y. (28)

This equation uniquely characterizes x in terms of y, which can be seen by
similar arguments as for step (i).
O

In the proof of Proposition the equations (3.4)) and (3.4) play a special
role. They are used to characterize the existence of optimal transport maps

motivating the following definition.

Definition 3.22. Let us consider a pair (v, ) of optimal Kantorovich potentials
solving . Then we call the equation the characteristic equation for the
optimal transport map. Similarly, the equation is called the characteristic
equation for the dual optimal transport map.

Remark 3.23 (An open question). We pose as an open question whether the
existence and uniqueness of optimal transport maps persist in the perturba-
tive regime beyond radially symmetric and monotone mass-change factors, for
example under a smallness condition on V Inm.

Now, let us illustrate with an example that optimal transport maps can also
exist when the mass-change factor m is not close to 1, i.e. when one does not
expect the non-conservative optimal transport to be close to a classical optimal
transport.

Proposition 3.24 (Existence of optimal transport maps in the quadratic leaky—
Monge problem). Let X, C R™ be non-empty, compact sets that are equal to
the closures of their interiors. We consider the quadratic cost function c(x,y) :=
%|:z:—y|2 and the mass-change factor m(z,y) = 1—§|z—y\2 for a constant k > 0
such that infyecx yey m(x,y) > 0. Then it holds:

(i) If the probability measure p is absolutely continuous w.r.t. the Lebesgue
measure and the boundary of X has Lebesgue-measure 0, then there exists
an optimal transport map T : X — ).

(ii) If the probability measure v is absolutely continuous w.r.t. the Lebesgue
measure and the boundary of Y has Lebesgue-measure 0, then there exists
a dual optimal transport map S : Y — X.

Proof of Proposition|3.241 The first part of the proof follows the same steps as
the proof of Proposition [3:2I} we do not repeat them. Recall that the functions
gy(x) = % and f(y) = c(z, y)—1(y)m(x,y) are Lipschitz and therefore
Lebesgue a.e. differentiable.
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.

Figure 3: Uniqueness of the optimal transport map for the quadratic leaky
Monge problem (see proof of Proposition [3.24]).

Let us turn to the verification of (i). The characteristic equation for the
optimal transport map is given for (z,y) € supp7* by

(@ —y) = Vap(a)  zlz—yl> = ()

— sl —yf? (1—§|x—y|2)2

klx —y)=0 p-a.e. .
Rearranging terms yields

(=) (1= ko(a)) = (1 Slo =47 Vula). (20)

We now argue that, for fixed x, the equation (3.4]) uniquely characterizes y.
By (B.2) we observe that p(z) < sup 3|z —y|*>. Combining this with our
YeY

e
assumption

k
inf . m(x,y)=1—= su z—y|*> >0,
TeEX yey ( y) 2 1€X7QI;)€3/| y|

it follows that

1 —ko(z) > 0.
In the case of V,¢(x) = 0 it follows from (3.4) that x —y = 0. Let us consider
the case Vyp(z) # 0. An Ansatz x — y = z V,p(x) yields the equation

L= S Vap@)P2? = (1~ k()=

=1-§|z—y|2=m(z,y)>0

Let us interpret both sides as functions of z: The left-hand side is a concave
quadratic function (as —%|V,¢(z)|? < 0), which is restricted to the area where
it attains positive values (as m(x,y) > 0). The right-hand side is a linear func-
tion with a zero intercept. Consequently, there exists a unique intersection, see
Figure [3] Hence, y is uniquely characterized by = and an application of Propo-
sition yields the desired statement. The verification of (ii) follows from a
similar argument as for (i), based on the characteristic equation for the dual
optimal transport map.

O
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3.5 Dynamic formulation of non-conservative optimal trans-
port

In the dynamic formulation, the transport of mass is modeled along trajecto-
ries interpolating continuously between both marginal constraints. It has the
advantage of allowing for finer modeling and interpretation of the mass trans-
port. In our example of optimal re-balancing, the dynamic formulation would
allow one to calculate specific trading rates and to include, for example, dy-
namic price impact models. For simplicity, let us consider cost functions of the
form c(z,y) = |y — z|* for a > 1.

We use the dynamical-plan point of view of the classical theory (see e.g. Chap-
ter 8 in [AGS08]). Therefore, no a-priori regularity assumptions on a vector field
are needed, and the existence of an optimal transport map is not required.

Definition 3.25 (Dynamical-plan formulation of (KP)). Let X C R™ be com-
pact, let m : X x X — [0,00) be continuous, and let p,v € P(X). Set © :=
C([0,1];R™), equipped with the supremum norm. Denote the evaluation map
by e:(y) := . Recall that v € AC*([0,1];R™) if there is a g € L*(0,1) such
that |y — vs| < f;g(r) dr for all0 < s <t < 1; such a curve is differentiable
almost everywhere, satisfies v; — s = f; A dr, and || € L*(0,1), see [AGSOS,
Definition 1.1.1].
For @Q € P(O©) such that vo9,71 € X for Q-almost every v, set

gq == /@ m(10,71) Q).

We denote by Dy,(u,v) the set of all such Q with Q(AC*([0,1;R™)) = 1
and qg > 0, satisfying

(€0)s@ = u, (e1)s(m(eo, €1)Q) = qqu- (30)

The action of @ is given by

a@= [ [ Bl dt Q).

The dynamic formulation of (KP) is

inf  £,(0Q). GBB
oen ) (Q) ( )

Remark 3.26. The requirement that vp,71 € X for @Q-almost every v makes
the integrand defining qo meaningful, as the mass-change factor m is defined
only on X x X. Note that only the endpoints are constrained. The paths
themselves are allowed to leave X.

We work on © and not on AC?([0,1]; R™). The reason is that © is a Polish
space and that P(©), the Borel probability measures on ©, carries the usual
narrow topology. However, AC*(]0,1];R™) is a Borel subset of © that is not
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closed and not preserved under narrow limits. The map vy — fol |4¢]* dt is Borel
measurable on © with values in [0, o], with the convention that it equals +oo
outside of AC*([0,1];R"™). Consequently, &, is well defined on all of P(©) and
finite only on plans concentrated on AC®([0, 1]; R™).

Therefore, generalizes the classical Benamou-Brenier formulation [BB00]
and recovers it in the special case m = 1.

Proposition 3.27. Let us consider the setting of Definition [3.25 and suppose
that T, (4, v) is non-empty. Then Dy, (u,v) is non-empty and

inf &, = inf / — x| 7w (dx, dy). 31
oertt ) (@) L Xxxly | 7 (dx, dy) (31)

Moreover, if T is an optimal transport plan for (KP|), then the dynamic prob-
lem (GBB) admits a minimizer.
Proof. Let Q € Dp,(p,v) and define mg := (eg,e1)3Q. The endpoint condi-
tions (3.25)) show that g € I'y, (i, v). For every v € AC([0,1];R™), Jensen’s
1
71—l = ’/ Ye dt
0

inequality gives
a 1
< / e dt.
0
Integrating with respect to @) yields

/ ly — 2] mg(de, dy) < £4(Q).
XxX

Conversely, let m € T',,, (4, v) and associate to (x,y) the straight path
Glary) o= (1— ) +1y.

The map G : X x X = O is continuous and therefore Borel. Hence Qr := Gy
is a well-defined element of P(©). Its curves are affine, and therefore Q.
is concentrated on AC?([0,1]; R™) and on curves with endpoints in X. Note
that (eg,e1)§@r = m, which yields the endpoint conditions . Since m €
o (p,v), we also have qq, = [, ymdr € (0,00). Consequently, Q- €
D (p,v) and the dynamic admissible set is non-empty. Moreover,

£.(Qr) = /X ly=al" n(da.dy).

Taking the infimum in both constructions proves (3.27). If 7* is optimal,
then @Q,~ is an optimal dynamical plan. O

Corollary 3.28 (The optimal-map case). Assume, in addition, that an optimal
transport map T : X — X exists. Then

Qr:=(z— (t—(1 ft)x+tT(:r)))ﬁ,u

s an optimal dynamical plan and

inf )SG(Q):A|T(x)—x|“u(dx).

QED,, (Nv’/
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Proof. The assertion follows from Proposition applied to 7* = (Idx, T)4p.
O

Let us now relate the dynamical description to an Eulerian one.

Lemma 3.29 (Barycentric velocity field). Let Q € D, (u,v) have finite action
and set py = (e4)4Q. Let (Q"%).crn be the disintegration of Q with respect to
the evaluation map e; and define the barycentric velocity field

olt,2) = /@ QM (d),

the average velocity of those curves that are at z at time t. Then v is well defined
for almost every (t,z), the pair (p,v) satisfies

Op+ V- (pv) =0, Po = [, (32)

in the sense of distributions, and for almost every t
| el < [ o)

If a > 1, equality holds if and only if ¢ = v(t,z) for Q“*-almost every 7,
for ps-almost every z.

Proof. Since © is Polish, the disintegration exists and is uniquely determined
for ps-almost every z. The measure Q%? is concentrated on the curves passing
through z at time t, i.e. Q*(e;'(2)) = 1, and Q = [;. Q"*pi(dz). As the
action is finite and @ > 1, Jensen’s inequality on the probability space dt ® @
gives

1
| [ Bl a < g@e <o
0 e

Therefore, ¥ is integrable with respect to dt ® @ and v is well defined for almost
every (i, z).

Let ¢ € C°(R™). For Q-almost every ~ the curve lies in AC*([0, 1];R"™).
Hence r — ¢(v,) is absolutely continuous with derivative Vo(v,) - 4. By
the definition of p; as an image measure and Fubini’s theorem, which the last
estimate licenses,

[~ [ oan. - /@ () = o)) Q) = | t /O Vo (n) 4 Qldry) dr.

Hence t — [ ¢ dp, is absolutely continuous, and for almost every ¢

d

7 @dptzf(avw(%)-%Q(dvb - Vi(2) - v(t, 2) pi(dz),
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where the last identity is the disintegration together with the definition of v.
As ¢ was arbitrary, this is (3.29)). The initial condition follows from (eo);@ = p.

The remaining inequality is Jensen’s inequality applied to the probability
measure Q%* and the convex function | - |?, integrated against p;. For a > 1
this function is strictly convex. Therefore, equality forces 4 to be Q%?-almost
surely equal to its mean v(¢, z), for p;-almost every z. O

Proposition 3.30 (The Eulerian description is not equivalent). There are a
mass-change factor m, marginals p,v and plans Q1,Q2 € Dy (1, v) such that

(€1)sQ1 = (e1)3Q2  for every t € [0,1], Ea(Q1) = Ea(Q2),

whose barycentric velocity fields coincide, and such that

(0, €1)3Q1 # (€0, €1)3Q2 and  qQ, # 4Q.-

In particular, neither the coupling of the endpoints nor the normalisation qq is
a function of (p,v), and the conditions (3.25)) cannot be expressed in Eulerian
variables.

Proof. Let X = [—1,1], let M be continuous and positive with M (2) # M(0),
let m(z,y) == M(ly — z|) and let p = v = 1(6_1 + 61). Let Q1 give mass % to
each of the two curves

IYt:t = :l:(Qt - 1)a

which run from F1 to £1 and cross at the origin at time %, and let Qo give
mass % to each of the two curves

oif = 4|2t — 1],

which run from 41 to the origin and back to 1. All four curves are piecewise
affine with speed 2. Hence they belong to AC%([0, 1]; R) and have their endpoints
in X.

At every time ¢ the curves of 1 occupy the two points £(2¢ — 1) and those
of Q2 the two points |2t — 1|. As subsets of R these coincide, and therefore

(e1)sQ1 = (e4)3Q2 = %(67\2t71| + 6|2t71\)~

For t # % exactly one curve of each plan passes through each of these two points,
in both cases with velocity 2 at [2¢— 1| and —2 at —|2¢ —1|. At ¢ =  both plans
put half of their mass on each of the velocities +2 at the origin. Consequently,
both barycentric fields vanish there, the barycentric velocity fields coincide, and
both plans have action fol 20 dt = 2°.

Both plans are admissible. Indeed (eg)3@Q; = p for ¢ = 1,2. On the support
of Q1 one has |y1 — 90| = 2, hence m(eg,e1) = M(2) and

(el)ﬁ(m(eo,el)Ql) = M(2) %(51 + 6_1) =qQ.V, q9Q, = M(2) > 0;
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on the support of Q2 one has vy, = 7o, hence m(eg, e1) = M(0) and, in the same
way, qg, = M(0) > 0. Finally

(€0, €1)5Q1 = 5 (d(—1.1) + 0(1.-1)), (€0, €1)5Q2 = 5 ((—1,—1) + I
which differ, and qo, = M(2) # M(0) = qo,. =

Some trajectories can still be reconstructed. By the superposition princi-
ple (see Theorem 8.2.1 in [AGS08]), every solution of of finite energy
is induced by some plan concentrated on integral curves of v. However, this
plan need not be unique. The failure matters here because gg and the con-
ditions are expressed through m(yo,71), i.e. through both endpoints of
one and the same curve. For m = 1 no such coupling occurs and only the
marginals pp and p; enter. This is the reason why the classical Benamou-Brenier
formulation can be stated in Eulerian variables alone.

In the optimal-map case the situation is different. The curves do not cross
and the displacement can be read off from the velocity. Two densities enter.
The probability measure p; records where the transported mass is located at
time t, and g; records how much mass is present there, each particle carrying
the mass-change factor that it has accumulated up to time t.

Proposition 3.31 (Eulerian formulation in the optimal-map case). Let m(z,y) =
M(|ly — z|) with M € C1([0,00); (0,00)) and M(0) = 1, let T be a continuously
differentiable optimal transport map and let

Xi(x) :=(1 = t)x +tT(x)

be a diffeomorphism onto its image for every t € [0,1). Let Qr be the dynamical
plan of Corollary[3.28, define v by v(t, X;(z)) := T(z) — = and set

pe = (Xe)pht, 01 = (Xp)g (M (| Xy () — 2|) p(dz)),

assuming that both admit Lebesgue densities, which we identify with the measures
themselves and denote by p(t,-) and o(t,-). Then, for everyt € [0,1):

(i) if z = X¢(x), then x = z —tw(t,z) and T(z) = z+ (1 — t)v(t, 2); in
particular (p,v) determines Qr and the coupling (eg,e1);Qr;

(i) the normalisation is given in Eulerian terms by

dar = [ M(ott.2)) peldo),

the right-hand side being independent of t;

(iii) the two densities are related by

Q(t’z) = M(t\v(t,z)\)p(t,z), (33)
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and o satisfies the entirely Fulerian equation

M (t]o)) )

dso+V - (ov) = QMW,

together with oo = p and 01 = qQ,V;

(iv) conversely, if a pair (p,v) satisfies with pg = p and O + (v -
Vv =0, and if © — = + tv(0,x) is injective for every t € [0,1), then
the map S(z) := x4+ v(0,z) satisfies py = (z+— (1 —t)z + tS(x))ﬁu, and
the plan carried by the straight interpolations of S is the unique dynamical
plan with these Eulerian data.

Proof. (i) By definition z = X;(x) = (1 — t)z + tT(z) and v(t,2) = T'(z) — =.
Hence

z—tv(t,z) = (1 —t)z +tT(z) —t(T(z) — ) = =, and z4+ (1 =t)v(t,z) = T(x).

Both endpoints of the curve passing through z at time ¢ are therefore determined
by (t,z,v(t,2)). As X; is a bijection onto its image, every curve of Qr is
recovered in this way, and with it the coupling of the endpoints.

(ii) By (i) we have |v(t, X¢(z))| = |T(z) — z| for every x. Consequently,

/ M(Jo(t, 2)]) pi(dz) = / M(IT(z) - 2]) p(dz) = gqr.

X

which does not depend on t.
(iii) Let ¢ € C.(R™) and substitute z = X¢(x). This yields

/tpdgt Z/Xw(Xt(w))M(IXt(w) — x|) p(d) =/w(Z)M(\Z—XJI(Z)\)pt(dZ)-

Since Xy(z) —x =t (T'(z) —x) = tv(t, X;(z)), we have |z — X; *(2)| = t|v(t, 2)],
which is (3.31]). The velocity is constant along the straight trajectories, that is

O + (v-V)v =0.

Let us abbreviate w := M(t|v]) and write D; := 9, + v - V for the derivative
along the trajectories. By (3.31) we have ¢ = w p, and the product rule gives

Qo+ V- (ov) =w(dp+ V- (p)) +p (8w +v-Vw) =pDyw,

because the first bracket vanishes by (3.29)), which applies by Lemma The
identity above states precisely that D;v = 0 and hence also D;|v| = 0. Therefore,

Dyw = M'(t|v]) Dy (t|v]) = M’ (to])(|v] + ¢ Delo]) = |v] M (t]v]).

Substituting p = o/M (t|v]) yields (3.31). The endpoint identities are the ad-
missibility conditions (3.25) for Q7. Indeed, at ¢ = 0 the accumulated factor
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is M(0) = 1 and therefore g9 = pu. At ¢t = 1 the weighted second marginal
gives 01 = q@, v with qg, = [, M(|T(z) — z|) p(dz).

(iv) The identity d;v + (v - V)v = 0 states that v is constant along its own
integral curves. Hence v(¢t, x4+t v(0,x)) = v(0, x), and the integral curves are the
straight lines ¢t — = + tv(0,x). These are the straight interpolations between x
and S(z) = z 4+ v(0,z). The measure (z — (1 —t)z + tS(ac))nu solves ([3.29)
with the same initial datum and the same velocity field. By the injectivity
assumption, the integral curve through a given point is unique. Consequently,
this measure coincides with p;, and the plan concentrated on those curves is the
only one with the given Eulerian data. O

For M(r) = e~*" with k > 0 the right-hand side of (3.31)) equals —k|v|g,
and for M(r) = e’ /2 it equals tlv|?o.

4 Relation to existing optimal-transport vari-
ants

In this section we compare the framework of this article to existing variants of
optimal transport which allow flexibility in the marginal constraints. As the
literature on those variants is abundant, we do not claim that this overview is
exhaustive. We focus on three popular approaches: unbalanced optimal trans-
port in Section [4.1] entropic optimal transport in Section [4.2] and unnormalized
optimal transport in Section 4.3

4.1 Relation to unbalanced optimal transport

Unbalanced optimal transport became an umbrella term for optimal trans-
port variants that weaken the original marginal conditions of a transport plan.
However, here we use the term unbalanced optimal transport to refer to the
framework originally developed in [KMV16,[CPSV18a] and extended in [CPSV18b].
The starting point is the dynamic formulation of optimal transport via the
Benamou-Brenier formula, allowing for mass creation or destruction along the
trajectories of mass transport. In [CPSV18b], it was shown that the dynamic
formulation is equivalent to a static optimization problem described below.

Let X,Y C R™ denote two compact sets. In unbalanced optimal trans-
port, the cost function ¢ = ¢(zg, mg, 1, m1) determines the cost of transport-
ing/transforming a Dirac mass of size mg located at xy into a Dirac mass of
size my located at x;. In this context, the cost function ¢: (X X [0,00)) X
(Y x [0,00)) — [0,00] is assumed to be l.s.c. in all its arguments and jointly
sublinear in (mg, my), i.e. positively 1-homogeneous and subadditive.

In classical optimal transport, the decision space consists of couplings, which
preserve mass. To allow for creation or destruction of mass, the unbalanced
optimal transport introduces the notion of semi-couplings (mp, 1), namely a
pair of two couplings. The interpretation is that mo(x, y) represents the amount
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of mass taken from p at point z and then transported to a possibly different
amount of mass 1 (x,y) at point y of v.

Definition 4.1 (Semi-couplings). Given two marginals p € M4 (X) and v €
M (Y), the set of semi-couplings is

L(p,v) def {(m0,m) € Mp(X x V)*: (Projy)mo = p, (Proj,)m = v}.

This leads to the static Kantorovich formulation of unbalanced optimal
transport.

Definition 4.2 (Unbalanced Kantorovich problem). The static unbalanced op-
timal transport problem is given by

inf / / ( Y, 7r1> dy(z,y), (UKP)
(mo,m1) GF (p,v) X XY Y

where v € M (X x V) is any measure such that mo,m < . The integral is
well-defined since € is jointly 1-homogeneous w.r.t. the mass variables.

The interpretation of is that one looks for the most efficient way
to transform the measure g into the measure v by a combination of transport
and of creation or destruction of mass along the way. In [CPSVI18b, Propo-
sition 3.4] it was shown that admits a minimizer. The dual problem
of is quite subtle and the existence of a solution of the dual problem is
not easily guaranteed. The same is true for strong duality. The main differ-

ence between ) and the following. In (UKP) the mass difference

between p and v is ﬁxed In 1- , only the shape of the second marginal v is
prescribed, allowing for couplings with varying mass differences. There is the
following link between both problems.

Proposition 4.3 (Link between and (UKP)). Let ¢ and m be the cost
and mass-change factor of - Then the function

— cz,y), ifmlzmxaym07
C(xvyvm()aml) - {O(O ) else ( )

is a cost function ¢: (X x [0,00)) x (¥ x [0,00)) — [0,00] and

o 1
inf // c(z,y)m(de,dy) = inf _ inf // ( 7> dy(z,y).
T (p,v) ) Z>0 T(p,Zv) XxY Y ( )

In particular, if Z = [[ m(z,y)7*(dz,dy) for the optimal 7* of (KP), then

inf // c(z,y)m(dz,dy) = 71nf // ( u ’7T1> dy(z,y).
7€ m (1) D(w,2v) J Jxxy Y
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The last proposition states that one can recover the solution via mini-
mizing over a family of (UKPJ) problems. If one also knows how much mass is lost
or generated in the opt transport then the problems and
are equivalent. However, this is not known a priori. The verification of the last
proposition follows directly from careful examination of the definitions and is
left as an exercise. The simpler structure of compared to allows
for easier arguments when solving the dual problem, deriving strong duality, or
studying optimal transport maps. However, the framework allows one
to model more general situations.

4.2 Relation to entropic optimal transport in the sense
of [LMS18§]

The entropic transport problem, introduced in [LMSI8], relaxes classical mass-
conserving optimal transport by allowing creation and annihilation of mass,
captured via entropic penalization. Entropic transport has been a very active
area and an overview of recent developments can be found e.g. in [SPV23]. For
the discussion, let us briefly introduce the main concepts of entropic optimal
transport in a slightly simplified setting.

Definition 4.4 (Entropy functions and relative entropies). A function F :
[0,00) — [0,00] is called an admissible entropy function if it is convex, lower
semicontinuous and there is a point 0 < x < oo such that F'(z) < co. Given two
finite measures v1 and y2 on a space X, the relative entropy F(v1|v2) w.r.t. en-
tropy function F' is defined as

d .
fF(d%;) dy2, if 1 < 2,
0, else.

f(%hz) = {

Definition 4.5 (Entropic Transport Problem). We consider two measures p
on X and v on Y and relative entropies F1 and Fa on X and )Y, respectively.
Given a lower semicontinuous cost function ¢ : X x Y — R we optimize the
exrpression

inf dx, d Proj Proj .
WE&?XW/XWC(WJW( x,dy) + F1((Projy)sm|p) + Fa((Progy)ym|v)

Remark 4.6. Entropic transport contains the classical optimal transport prob-
lem as a degenerate case, namely choosing the admissible entropy function as

) = {0, if 2 =1

oo, else.

Remark 4.7. The entropy functionals in Definition [4.5| are applied to the
marginals of the coupling w. In the optimization problem 7 the second
marginal of the transport is not determined a priori. So the problem of Defini-
tion [4.5does not contain unless it is generalized to the following degenerate
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problem. Given a measure 7 € M(X x )) let us consider the transforma-
tion T'(w) € P(Y) defined by

L Jml ey
) = 17y i, g)n(de, dy)

Then (KPJ) becomes the following generalized entropic transport problem.

inf L) (dz, dy) + F((Proj F(T .
et [ ele (e, dy) + F(Pro)enia) + FT)

4.3 Relation to unnormalized optimal transport

Unnormalized optimal transport [GLOP19] uses a computational fluid mechan-
ics approach to allow the transport of two measures with different mass. A
spatially homogeneous term is added to the continuity equation to account for
the creation or loss of mass. Additionally, a regularization term is added to the
minimization of the kinetic energy, leading to a generalization of the Benamou-
Brenier formulation of optimal transport.

Definition 4.8 (Unnormalized Optimal Transport). Let us consider a bounded
domain X C R™, two nonnegative measures 1, v € M(X), and parametersp > 1
and o > 0. The unnormalized optimal transport problem is given by

1 1
inf/ / ||v(t,x)||pg(t,m)dxdt+—/ |f (&) Pdt,
v, f 0 X @ Jo

such that the vector field v satisfies the zero flux condition and o(t) satisfies the
dynamical constraint

do+V-(vo)=f(t) and  0(0)=p, o(l)=wr

The regularization term fol |f(t)|Pdt constitutes the main difference to the
other variants of optimal transport. The dynamic formulation of
does not produce such a regularization term (see Section and therefore the
two optimal transport variants are distinct.

4.4 Entropic regularization and a Sinkhorn-type algorithm

Let us discuss how the non-conservative Kantorovich problem can be
solved numerically. We follow the approach of entropic regularization, in which
a relative entropy is added to the objective and which, in the classical case, leads
to the Sinkhorn algorithm of [Cutl3]. Note that this is a different use of the
word entropic than in Section [4.2] where the marginal constraints are relaxed
by entropy functionals in the sense of [LMSI1S].

On finite state spaces the approach carries over without difficulty, since with
the linear structure of Section the problem becomes a linear program,;
see Proposition [£.9] below.
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The continuous setting is more delicate. In the classical case the dual objects
are the additively separable functions ¢(z) 4+ ¥ (y), and the existence theory
for the associated potentials rests on this tensor structure, see [Nut22] for a
modern account. Here they are of the form ¢(z) + m(z,y)¥(y), where v is
multiplied by the z-dependent factor m(z,y) and can therefore not be isolated.
The regularized problem is then of Schrodinger type, with the second marginal
constraint weighted by m and self-normalizing, so that the mass g, enters as
an additional scalar unknown, without counterpart in the classical Schrodinger
system. Moreover, the quantitative bound of Proposition (v) depends on
the number of states and degenerates in the continuum limit, while its classical
counterparts are independent of the discretization. We are not aware of an
existence result for potentials of this form in the continuous setting and leave
this question open, together with the convergence of the corresponding scaling
iteration.

Let us restrict to finite state spaces X = {x1,...,enx}and Y = {y1,...,ym},
and let us write ¢;; = c(x;,y;), mi; = m(24,y5), i = p({z;}) and v; = v({y;}).
Furthermore, let C7 and Cy denote the sets of nonnegative matrices satisfy-
ing (Proj;)ym = p and Lm = 0, respectively, where (L7); = Y. m;jTij — gV
with ¢, = Zij m;;mi;, so that I, (u,v) = C1 N Cs. For nonnegative matrices
we write

s
D(o|m) = Z(Uz’j log =+ — 0 + Wij),
- g
ij
which is the usual relative entropy whenever ¢ and 7 have the same total mass.

Proposition 4.9 (Entropic regularization and scaling iteration). Let m;; > 0
and let p and v be strictly positive. For € > 0 consider

inf ) Zcijﬂ'ij +€Z7Tij log‘mj.
ij

mE€L (u,v —
ij

Then the following holds.

(i) The problem has a unique minimizer w=, which is strictly positive and
minimizes D(-|K) over T',,(u,v), where K;; = e™¢i/¢,

(ii) There are ¢ € RN and ¢ € RM with Zj vitj = 0 such that 7;; =
exp((pi + myjv; — cij)/€), and this pair is unique.

(iii) The minimizer of D(-|r) over Cy is the rescaling m; — mjpi/ Y, i, and
the minimizer of D(-|w) over Cy is

b Mij

Tij > T4 i

where b; > 0 and g > 0 are the unique solutions of ), mijmjb;n” = qu;
and ), vjlogb; = 0.

(iv) The iteration alternating the two minimizations of (iii) converges to m©.
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(v) It holds 0 <, c;jm;; — min <elog(NM).

The proof is given in Appendix It combines classical arguments from
finite-dimensional convex optimization. Since the constraints are linear and
the minimizer is strictly positive, parts (ii) and (iii) follow from the Lagrange
multiplier method; the only computation specific to our setting is that of the
multipliers for the second marginal constraint. Part (iv) is the classical method
of iterative Bregman projections [Bre67, BCC™15, WL.S23], and part (v) follows
by comparing the values of the regularized objective at 7 and at a minimizer

of .
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A Proofs of results from Section [2

A.1 Quoted prices, best execution prices and the consis-
tent price vector

Proof of Lemma([24) Since the market G = (V, E, p) satisfies assumptions Al
and A2, a graph H = (V, E, w) defined by setting

w( ;) = —10gpa.j) for all (i,j) € E
is strongly connected and for any directed cycle ' (in G or H) it holds
H Pe <1, or equivalently, Z we > 0.
ecl el
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Therefore, graph H contains no cycles of negative weight and by [CLRS09,
Theorem 24.4] the shortest path between any pair of vertices in H exists. Since

arg min » , w, = arg max [ pe, the best execution prices are well defined.
I'ii—j eel I'ii—j eell
Finally, consider a directed cycle in the completed graph. Such cycle expands
into a closed walk in graph G when edges in G are replaced by the best execution

price paths. The no arbitrage property for P follows from A2. O

Definition introduces trades on the best execution price market G =
(V,V x V, P). For practical implementation of rebalancing, one needs to know
how to implement such trade on the market G. We will callamap ( : V xV —
[0,00) a trade on G if it satisfies ((; ;) = 0 for (i,7) ¢ E.

Paths along which the best execution prices P are achieved will be needed
to convert a trade & on the completed market G into a trade ¢ on the underlying
market G. Remark below comments on computation of the best execution
price paths.

Example A.1. Consider a trade on the star-shaped market that uses only
the exchanges with the numéraire. A positive bid-ask spread ensures that a
round-trip exchanges (buying and selling the same asset) results in a net loss,
effectively ’burning money’. In terms of a trade ¢ on G, imposing

S, €any=0 i=2,--- N (36)
excludes round-trip exchanges. Then, a trade the star-shaped market is fully

determined by the change in the portfolio position Ax, since (Az;)™ = p%af(l,i)

and (Ax;)~ = 1) for i > 1. Equation (2.1) corresponds to the self-financing
condition

N
Azy = P)(Ax;)” — PH(Ax)T.

1=2

Proof of Proposition[2.10 To prove that no arbitrage is necessary, assume that
a consistent price vector q exists. Let I' = ((v1,v2), (v2,v3), ..., (Var,v1)) be an
arbitrary directed cycle in the graph. Then, by definition of the best execution
price and the consistent price vector, it holds

Hp<Hp<qﬂ.qﬂ.....q“7M_1
e = e = - .
ecl ecl Qo2 Yoy E

Now let us show that no arbitrage is sufficient. We apply very similar tools
as in the proof of Lemma Define a graph H = (V,V x V, @) by setting

w5 = —log P; j for all (i,7) e V x V.

Since G satisfies no arbitrage, H contains no negative cycles and the shortest
paths exist by [CLRS09, Theorem 24.4]. Denote by ¢; the length of the shortest
directed path from 1 to 4 in graph . Then, for any pair of vertices 7, j it holds

b5 < Qi +wi gy, or equivalently, log P j) = —w ) < ¢i — &j-
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By setting ¢; = e® for i = 1,...,N we obtain Py < qi/q; for arbitrary
1,j €V.

Hence q is a consistent price vector. ]
Remark A.2. The Bellman-Ford algorithm, see [CLRS09, Section 24.1], can
be used to check whether the market G satisfies the no arbitrage condition and
a consistent price vector exists. Run with the edge weights — log p., the same
computation also yields the best-execution prices and corresponding best paths.
In practice, a trade &(; ;) on completed graph G is therefore executed as several
successive exchanges along a best path (cf. Remark , in the same way as
the cost of the classical Monge problem is measured along geodesics; an explicit
construction appears after the proof of Proposition

A.2 Existence of optimal rebalancing

As the first step towards proving Theorem let us observe that the rebal-
ancing problem is a linear program with an objective bounded from below.

Lemma A.3. For a trade £ € Z it holds C(§) > 0. Moreover, the rebalancing
Problem is (equivalent to) a linear program.

Proof. Recall that C'(£) can be expressed via . Non-negativity £(; ;) > 0 of
the trade, consistency F; ;) < Z—; of q and non-negative prices P imply C'(§) > 0.

To simplify restating the target proportion constraints, let us introduce an
additional variable 7 := C(&). The rebalancing problem can be reformulated as

minimize 7

£eE,NER
N N
subject to 1= Z% Z(f(i,j) = P.0€(.i))s
=1 =1
N
zi+ Y (Pyakoa —Eapy) 20, i€V,
j=1
N N
v; (Z kT — TI) =q |2+ Z(P(j,i)f(j,i) —&a) | 1eV.
k=1 j=1

Since the objective and all constraints are linear in £ and 7 jointly, this is a
linear program. The reformulation admits additional feasible points with n =
>k ki, i.e. with all post-trade positions equal to zero, for which the proportion
constraint of Problem [2.12] is undefined. These do not affect optimality: a
feasible trade with positive post-trade value exists by Proposition [A6] below, so
every minimizer satisfies n < ), g2 and corresponds to a feasible rebalancing

trade.
O
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As the next step towards proving Theorem we consider the special case
of a star-shaped market. We use the terminology and notation introduced in

Examples and 2.9

Example A.4. Consider the star-shaped market. Given a current portfolio
x = (x1,22,...,2N), we aim to show existence of a feasible rebalancing trade
yielding the desired target proportions v. Note we do not aim for the optimal
trade here, instead we use a (sub-optimal) strategy consisting of two steps:

1. First, trade all available units of assets i = 2,..., N for the numéraire via
§(i,1) := ;, creating a 'money pot’ portfolio

N
<l‘1 +Z,Pibl‘i, 07 ey 0) .
=2

2. Second, use the 'money pot’ held in the numéraire only to buy a portfolio
with the desired target proportions. Proposition below shows that
such a trade exists.

Note that a trade constructed in this way will not satisfy (A.1)).

Proposition A.5. Consider the star-shaped market as described in Ezam-

ples and . For a portfolio x = (1,0,...,0) there exists a feasible

rebalancing trade £ € Z(x,v) achieving the desired target v.

Proof. Firstly, set
§ujy=0 ifi#lorj=1

Consequently, the trade £ is fully determined by the quantities (f(1,i))i:2,.,,, N-
For the sake of a simpler notation in the remainder of the proof we denote by
z := x + Ax(§) the portfolio position after the trade. Recall that it holds

1 .
2 = P(l,i)f(l,i) = ﬁf(u) 1=2,...,N (37)
and
N N
21 =21 — Zg(l’i) =1- ZPZ»GZZ‘. (38)
i=2 i=2

Note that represents the self-financing condition and a trade £ € = can
be recovered from z via (A.2)).

The constraints of the feasible set Z(x, ) expressed in terms of after-trade
position z are

2 >0 i=1,...,N, (39)

qizi—l—yi'Z(PJq—qj‘)Zj:I/i, izl,...,N, (40)
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where the self-financing condition (A.2]) was used to obtain (A.2)). Recall that
P} =¢g =1and P* > ¢ for i = 2,...,N. In order to show existence of
a vector z solving the system (A.2)-(A.2) we use the Farkas’ Lemma. Let us,

therefore, introduce vectors q = (qi1,...,q5)7 and P, = (P¢,...,P%)T. In
matrix notation, the system (A.2))-(A.2) is
(diag q—|—1/~(Pa—q)T)~z:1/, z > 0. (41)

According to Farkas’ Lemma, solution of (A.2)) exists if and only if the com-
plementary system

(diag g +v-(Pa—a)) -y>0, vy <0 (42)
has no solution. Consider (A.2): vy < 0 implies that there exists j €
{1,..., N} with y; < 0. Looking at the j-th row of (diag q + v - (P, — q)T)T~y,
we obtain a contradiction

[(diaqur’/'(Pa—Q)T)T'yL:ijyj+(qu—Qj)'VT'Y<0

since Pj' > g; > 0. Therefore, the complementary system (A.2) admits no
solution and, by Farkas’ Lemma, a solution z to system (A.2) exists. Finally,
note that any vector z satisfying (A.2]) also satisfies the self-financing condition
(A.2). Therefore, vector z corresponds to a feasible trade £ € =(x,v) that can

be recovered via ((A.2). O

On the completed market G, a feasible trade can be constructed in two
single-hop stages.

Proposition A.6. For a portfolio x = (x1,22,...,2n5) > 0, x # 0, on a
(general) market G there exists a feasible rebalancing trade § € Z(x,v) achieving
the desired target v.

Proof. In the first stage, we convert the portfolio x into a ‘money pot’ portfolio

N
%= <x1 +3 Paai, 0, ,o)
1=2

by the trade £ with 5((11)1) = x; for ¢ = 2,..., N and all other entries zero.
Since x # 0 and all best-execution prices are positive, the money pot is positive.
In the second stage, Proposition applied with the quotes P = P;,1) and
P{ = 1/P( ; and combined with scaling, yields a trade { (2) supported on the
pairs (1,4) that converts X into a portfolio with the target proportions v. Since
Ax(-) is linear in the trade, applying & := €W 4 €@ to x yields the same final
portfolio, so £ € E(x,v). O

On the underlying graph G, a trade on the completed market is realized by
successive exchanges along best paths, cf. Remark for a pair (i,7) with
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£ag) > 0, let (er,. .., enr) be the edges of a directed path attaining P jy and
execute (e, 1= §(;,j) and (¢, := Pe,_, Ce,_, for k =2,..., M. Each exchange sells
exactly the amount delivered by the previous one, so all intermediate positions
cancel and the executed exchanges have the same net effect Ax and the same
cost as the trade &.

Proof of Theorem[2.1] Proposition has shown that a feasible rebalancing
trade exists, therefore, the optimal rebalancing Problem is feasible. Ac-
cording to Lemma Problem is (equivalent to) a linear program and
its objective function is bounded from below by zero. For a feasible, bounded
linear program an optimal solution exists. O

A.3 Relation of rebalancing to non-conservative OT

Lemma A.7. Let Assumptions A1-A7 hold and denote v := Z,ivzl Qx T -

a) If £ € E(x,v) is feasible for Problem and direct, i.e. 37, &gy < Ti
for all i, then 7€ defined as

(i) L if i #
7 (i,7) =< . .
% <$i - Zk;ﬁz 6(2,]@)) Zfl =D
is feasible for Problem ie. ™ € Tp(p,v).
b) If m € Ty (p,v) is feasible for Problem[2.17, then £ defined as
o i) Wit
“7 0 ifi=Jj,
is a direct trade that is feasible for Pmblem ie. & € Z(x,v).

Proof.  a) Since ¢ is direct, 7%(i,4) > 0, and all other entries are nonnegative
as well. The rows sum to

N

o % 4t
Zﬂg(ld) = ﬁ(mz - Zf(i,k)) +Z ;lg(i,j) = zvz = -
j=1

ki J#i

Using m(j, ) = 1, m(i,5) = q; P;,j)/¢ and (2.1)),

N
> mli,j)mé (i, j) = % (l’j =D &Gw + D P f(m)

i=1 kit i

= L () + Az (©)),

and since £ € Z(x,v), the right-hand side is proportional to v; with posi-
tive total mass. Hence 7¢ € T, (1, ).
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b) The trade £™ belongs to Z, and it is direct since the row constraint in
.Fm(u, v) gives 3., &0 o = o (e —w(i,4)) < 52 = x;. As in a), us-
ing (2.1) and x; = vui/q;,

v vq
v+ Azi(§7) = — > m(k,i)m(k,i) = —=v; >0,
4 qi

where ¢ = >, ;m(k,l)m(k,l) > 0 is the total m-weighted mass of
w. Hence the post-trade positions are nonnegative with proportions v,
ie. £ € E(x,v).

O

The second lemma shows that re-selling value received within the same trad-
ing period never improves the optimal cost. Part a) is the key device: a portfolio
whose value dominates a v-proportional floor, i.e. g;z; > Ay; for all 4, can be
traded exactly onto the target proportions without falling below the floor. It
is applied in the proof of part b) to turn a strict gain in a single asset into a
strictly cheaper feasible trade.

Lemma A.8. Let Assumptions A1-A7 hold and denote v := chvzl qLTE-

a) Let & be a trade with z :== x+Ax(&") > 0 and suppose that, for some X > 0,
it holds q;z; > Mv; for all i = 1,...,N. Then there exists " € Z(x,v)
with

gizi — A

N
Cl"=v—-A— A <v— where \j == ————— >0
; 2= vi/mis1)
b) Among the optimal solutions of Problem there are trades that mini-
mi;zie the total sold value Zi# qi&i,5), and every such minimizer is a direct
trade.

Proof. For a): write e; := ¢;z; — Av; > 0 for the excess value at asset i. We
sell each excess onto the target proportions: from asset ¢, the value \;v; is to
be delivered to every asset [, where the share \;u; simply stays at i (recall
m(i,i) = 1), and delivering \;v; to | # i requires selling the inflated value
Aivy/m(i,1). The requirement that these values exhaust the excess of asset i

reads
)\i 14 14
Ai v — =\ — = €.
SR B Rkp B R

Since m € (0, 1], the coefficient ), v;/m(i,1) lies in [1, 0c0) — it is finite precisely
because every pair of assets is tradable — so this equation has the unique
solution \; given in the statement, and 0 < \; < e;. In units, the additional
exchanges are
i 14
e 7 .
. = — for [ 1,
5(ul) qim(i,1) 7
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selling the value e; — \;v; of asset i and delivering the value \;v; to asset [. Since
Ax(+) is linear, the final value held in asset [ under &” := &' + £° equals

N
@z — (e = )+ A=A+ v+ Y Ay = ()\ + ZAZ‘)W-
il il i=1

The final portfolio is nonnegative with proportions v and positive total value,
so & € Z(x,v), and the cost formula follows from Remark

For b): by Theorem optimal solutions of Problem exist, and by
Lemma [AZ3] they form a non-empty polyhedron; a linear functional bounded
below on such a set attains its minimum, so volume-minimal optimal trades
exist. Let £* be any of them and suppose, contrary to the claim, that £* is not
direct: some asset ¢ sells more than its initial holding, s; := Zj# fg‘i’j) > x;.
We will reroute re-sold through-traffic around asset 7 so that either the total
sold value strictly drops while nothing else changes, contradicting minimality,
or some value is strictly gained, contradicting optimality via a). Since the final
position x; + Zj#- P 52‘].12.) — s; is nonnegative, asset ¢ also receives value.
Hence there are assets j, k # i with

£y >0 and iwy >0,

and we reroute a small amount a > 0 of this through-traffic j — ¢ — k around
asset i: for k # j, define €% from &* by

A o g e Py L.k
G =86 % Sk =Sk Gy SGk = SGm T
(4:k)
while for k = j only the first two modifications apply (the round trip is reduced).
For small « the trade ¢ lies in =, and its final positions coincide with those of
§* except possibly at j: at asset i the lost inflow aP; ;) matches the reduced
outflow; at asset k (if & # j) the lost delivery aP(; ;)P ) is restored exactly
by the new direct leg; and asset j sells less, so its position gains ga > 0 units,
where

>0, respectively g:=1— PPy >0 if k= j;

the first inequality holds since the best-execution price F(; ) dominates the
routed execution, the second by the no-arbitrage assumption A2. In both cases
the total sold value strictly decreases, by at least q;al; ;-

If g = 0, all positions are unchanged, so £* € Z(x, ) is optimal with strictly
smaller total sold value, contradicting the choice of £*. If g > 0, the final values
of £* dominate the v-proportional floor A := v — C(£*): they equal Ay, for | # j
and exceed A\v; by e; = ¢; ga > 0. Hence a) yields a trade in Z(x,v) of cost
v—A—=X; < C(&"), contradicting the optimality of £*. Therefore £* is direct. O
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Proof of Proposition[2.18 By Lemma[A.8|b), some optimal solution £* of Prob-
lem is direct. For a direct trade ¢ and the corresponding 7€, relation (2.16)

gives
N

CE) =v- > cli,j)m*(i,4),

i,5=1

and by Lemma the maps & — 7€ and 7 — €7 are mutually inverse, cost-
preserving (up to the factor v) bijections between the direct trades in Z(x,v)
and the plans in T',,(u, ). In particular, the optimal values satisfy C'(£*) =
v - minp, () >; ; CT, a direct trade in E(x,v) is optimal for Problem if
and only if its plan 7€ is optimal for Problem and every optimal plan is
the image 7€ of an optimal direct trade. O

B Proof of Proposition (4.9

Proof of Proposition[{.9 For (i), existence and uniqueness follow from com-
pactness of the feasible set and strict convexity of the objective, which up to
an additive constant equals e D(w|K). Strict positivity is the standard entropy
argument: at a zero entry the derivative along the segment towards the strictly
positive feasible point p ®  of Remark is —oo0.

For (ii), the constraints are linear and 7€ is strictly positive, so the gradient
of the objective lies in the range of the adjoint of the constraint map. The first
marginal constraint contributes a term «; as in the classical case. Pairing the
second constraint Y, m;;m;; = grv; with a multiplier A € RM gives

Z)\j (Z M T — in/j) = Zm]‘mij/\j - (Z )\ll/l)qﬂ,
J i ij :
= i miyy,
ij

so that it contributes the term m;;v;, where v; == \; — Ez v, satisfies the
normalization }_; vj1; = 0. Stationarity therefore reads

Cij + e(logﬂfj + 1) = o; + mijwj,

and solving for 75; with ¢; := a; — € gives the asserted form. If two normal-
ized pairs (¢,v) and (¢’,9) represent the same minimizer, taking logarithms
gives ; + myjh; = ¢ + my, that is, ¢; — ¥ = —(pi — ¢;)/my; for all i
and j. Fixing 7, all these differences have the same sign, so > ; vi(; =) =0
forces ¢ = ¢, and in turn ¢ = ¢'.

For (iii), the first rescaling is classical. For the second, the minimizer o
of D(:|m) over Oy exists since D(-|w) has compact sublevel sets and C5 is closed,
and as in (i) it is unique and strictly positive. By the computation of (ii)

mij

it has the form o;; = m;;b; 7 with >, v;logh; = 0, and membership in Cp
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reads >, m;;0;; = quj with ¢ := Zij m;;0;;. It therefore remains to show that
the system

Zmijmjb;n“ =qu; forj=1,...,M, and Zyj logb; =0
i J

has exactly one solution (b,q) with b > 0 and ¢ > 0. For fixed ¢ > 0 the
map b — > m;;m;b™ is a strictly increasing bijection of (0,c0) onto itself.
Hence the first equation has a unique root b;(¢), and g — logb;(q) is a strictly
increasing bijection of (0, 00) onto R, so that >, v;log b;(g) vanishes for exactly
one g.

For (iv), the sets C; and Cy are affine and contain the strictly positive
matrix g ® U, so the iteration is the classical method of iterative Bregman
projections, whose convergence goes back to [Bre67]; see [BCCT15] for its use
in entropic optimal transport and [vLS23] for affine constraints of this generality.

For (v), let 7* be a minimizer of (KP)). The lower bound holds since 7€ is fea-
sible. Every feasible 7 has total mass one, so that — log(NM) < Zij w5 log mi; <
0. Comparing the regularized objective at 7¢ and at 7* gives

Z CijTi; — Z cijmi; < s(z m;;logm; — Z m;; log wfj) < elog(NM).
ij ij

ij ij
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